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Abstract

We propose a robust semi-parametric framework for persistent time-varying extreme
tail behavior, including extreme Value-at-Risk (VaR) and Expected Shortfall (ES).
The framework builds on Extreme Value Theory and uses a conditional version of
the Generalized Pareto Distribution (GPD) for peaks-over-threshold (POT) dynamics.
Unlike earlier approaches, our model (i) has unit root-like, i.e., integrated autoregressive
dynamics for the GPD tail shape, and (ii) re-scales POTs by their thresholds to obtain
a more parsimonious model with only one time-varying parameter to describe the entire
tail. We establish parameter regions for stationarity, ergodicity, and invertibility for
the integrated time-varying parameter model and its filter, and formulate conditions for
consistency and asymptotic normality of the maximum likelihood estimator. Using two
cryptocurrency exchange rates, we illustrate how the simple single-parameter model is
competitive in capturing the dynamics of VaR and ES, particularly in the extreme tail.
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For reliable inference on extreme tail behavior, Extreme Value Theory (EVT) is statistics’

favorite approach. It allows the researcher to infer the distribution’s extreme tail scale, shape,

quantiles, and expected shortfall levels by focusing only on the tail area and abstracting from

the density’s center; see, for example, Balkema and de Haan (1974), Pickands (1975), Hill

(1975), and Davidson and Smith (1990) for early key contributions, Embrechts et al. (1997),

Coles (2001), de Haan and Ferreira (2006), and McNeil et al. (2010, Ch. 7) for textbook

treatments, and Rocco (2014) for a survey. The key insights of EVT have by now been

extended from the i.i.d. cross-sectional setting to time series applications; see, for example,

Chavez-Demoulin et al. (2005), Chavez-Demoulin and Embrechts (2010), Einmahl et al.

(2016), Hoga (2017), Massacci (2017), de Haan and Zhou (2021), and D’Innocenzo et al.

(2024). This is particularly useful if EVT is applied for risk and capital buffer determination

in finance and economics, for instance, for the calculation of a predictive density’s 99.5%

Value-at-Risk (VaR) or Expected Shortfall (ES). Such measures may change rapidly under

changing market circumstances and distress.

This paper concentrates on modeling the time variation in the extreme tails of conditional

loss distributions. Thus far, models for the dynamics of extreme tail behavior have had to deal

with at least three major challenges: First, time variation in tail behavior requires dynamic

models for the tail’s starting point, its shape, and its scale, all of which are important

ingredients for the computation of high distribution quantiles. A joint dynamic model for all

these three ingredients quickly becomes quite complex, however, and one would benefit from

an approach that reduces the number of time-varying parameters to be modeled. Second,

a model for the dynamics of extreme tail behavior should ideally only concentrate on the

distribution’s tail area and avoid making assumptions about the behavior of the center of

the distribution. Finally, empirical estimates of continuously changing tail shapes typically

indicate that such time variation is a highly persistent phenomenon (see, e.g., Massacci, 2017;
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de Haan and Zhou, 2021; D’Innocenzo et al., 2024) with autoregressive dynamics that often

have (near) ‘unit root’ like behavior. This finding seems at odds with the typical stationarity

or mean-reverting assumptions made in the same papers. Thus far, a theory for so-called

‘integrated’ models for tail risk dynamics seems to be lacking. Though results are available

for integrated volatility models (such as iGARCH, see e.g. Li et al., 2018 and Francq and

Zakoïan, 2019) and particular location models (Blasques et al., 2024), no results are available

for the behavior of integrated models for shape parameters. In such a challenging setting,

it is natural to ask: can time variation in a time series’ extreme tail still be estimated

consistently? Can VaR and ES at high confidence levels be inferred simply and reliably in-

and out-of-sample? And does standard likelihood inference still apply or is it affected if tail

shape dynamics are highly persistent, i.e., integrated? Despite its practical relevance for fields

such as financial economics and actuarial sciences, as well as its theoretical importance, a

tractable, comprehensive framework to address such first-order questions is currently missing.

It is here that this paper makes its main contribution. We propose a novel robust,

semi-parametric, and dynamic framework with ‘integrated’ (i.e., persistent) time variation in

tail fatness for long univariate time series. The framework builds on results from the EVT

literature and uses a conditional Generalized Pareto Distribution (GPD) to approximate

the tail beyond a given threshold. The time-varying tail shape in our model is driven by

the score of the GPD density; see Creal et al. (2013) and Harvey (2013). As a result, the

model is observation-driven in the terminology of Cox (1981), and its time-varying parameter

is perfectly predictable one step ahead. In addition, the log-likelihood function is known

in closed form and allows for parameter estimation and inference via standard maximum

likelihood methods. Score-driven dynamics are known to be optimal in the sense of Blasques

et al. (2015).

Our approach is different from previous EVT studies (including D’Innocenzo et al., 2024)

in at least two major ways. First, we do not apply the limiting GPD result from EVT to the

peaks-over-thresholds (POTs), but to scaled POTs, where the scaling is done by the threshold
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value. This stands in sharp contrast to – virtually all – earlier applications that typically

focus on unscaled POTs (see, for example, McNeil et al., 2010, Ch. 7, Christoffersen, 2012,

Ch. 6, Andersen et al., 2013, Hoga, 2017, and Massacci, 2017). The use of scaled POTs

has been remarkably under-explored in risk management, yet has an important advantage:

the limiting GPD approximation is now characterized by a single shape parameter and no

longer needs both a tail shape and tail scale parameter. The resulting statistical model is

parsimonious and much simpler to study theoretically and empirically.

Second, our model deviates from previous approaches in that we consider an integrated

score-driven filtering equation for the time-varying shape parameter. Empirically, when

studying for instance daily or intra-daily financial data, estimates of the autoregressive pa-

rameter for the tail shape dynamics are often indistinguishably close to unity, implying highly

persistent dynamics (see, e.g., Massacci, 2017 and D’Innocenzo et al., 2024). We study the

asymptotic properties of such an integrated model in detail, including stationarity and er-

godicity properties of the model and the filter, and consistency and asymptotic normality

of the model’s static parameters. This extends the work on integrated models for higher-

order moments from the volatility case (for instance, Jensen and Rahbek, 2004; Francq and

Zakoïan, 2012, 2019) to the EVT setting.

To obtain the time-varying thresholds required for scaling, we use the recent approach

of Patton et al. (2019), which elicits VaR and ES simultaneously in a semi-parametric way,

concentrating only on tail observations and not making assumptions about the center of the

distribution. The method is therefore extremely useful for estimating threshold values less far

out in the tails, such as at 90% or 95% confidence levels. The method faces more challenges

for more extreme quantiles. It is here that our dynamic EVT-based GPD approximation

perfectly complements the approach of Patton et al. (2019), as our approach is precisely

geared towards modeling the extreme tail quantiles.

We obtain two theoretical results. First, we show that under mild regularity conditions,

the tail shape parameter and the data are asymptotically stationary and ergodic. Moreover,
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we characterize the invertibility region for the tail shape filter. Interestingly, while the tail

shape parameter has integrated dynamics and no finite unconditional mean to revert to,

the ratio of the true and the estimated tail shape parameter is well-behaved, asymptotically

stationary and ergodic, and has a finite unconditional first moment. We also show that the

intercept in the DGP for the time-varying tail shape needs to be strictly positive to rule out

degenerate limiting behavior of the tail shape. Second, we show that the maximum likelihood

estimator for the model’s static parameters is strongly consistent and asymptotically normally

distributed under mild regularity conditions, despite the integrated dynamics. This remains

the case even if the number of POTs in the sample is treated as random. We confirm the

theoretical findings in simulation experiments.

We illustrate the model using two hourly cryptocurrency exchange rates from May 2018

until August 2025, thus including the so-called “second crypto winter” of 2022. We find

that the tail shape parameters vary over time, with the adverse left tail’s shape parameter

ranging between 0.3 and 0.6, implying the existence of between 1 and 3 integer conditional

moments, depending on the period, and thus the presence of extremely fat tails. Tail market

risk estimates responded strongly to the collapse of the Terra/Luna cryptocurrency in May

2022 (see, e.g. Uhlig, 2022), the collapse of the cryptocurrency intermediary FTX in June

2022, and the collapse of the crypto intermediary Celsius in November 2022. An out-of-

sample evaluation exercise, performed for these data and for different combinations of EVT

thresholds’ and risk measures’ tail probabilities, suggests that our new method performs well

in the extreme tails when the thresholds (less far out in the tail) are chosen dynamically by

the method of Patton et al. (2019). In addition, despite only having one parameter, our new

and more parsimonious EVT model behaves at par and sometimes better in the extreme tail

than the two time-varying parameter model of D’Innocenzo et al. (2024) and is also easier to

estimate.

The four papers closest to ours are Massacci (2017), Patton et al. (2019), de Haan and

Zhou (2021), and D’Innocenzo et al. (2024). de Haan and Zhou (2021) propose a fully
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non-parametric approach to estimating a continuously-changing extreme value index locally

from independent but non-identically distributed POTs. Our paper is different in that we

adopt a semi-parametric perspective, using a parametrized, integrated filtering recursion to

recover persistent time variation in the tail’s shape. Massacci (2017) and D’Innocenzo et al.

(2024) both study score-driven approaches to filtering the extreme tail’s scale and shape.

Our paper is different in two important ways, in that we propose a particularly parsimonious

statistical model (featuring only a single time-varying parameter), and focus on the case of

integrated time variation in the tail. Finally, unlike Patton et al. (2019), our tail VaR and

ES dynamics explicitly account for fat tail shape beyond a threshold as emerging from EVT.

Our score-driven dynamics contains weights for extreme observations, which are absent in

the elicitable score functions of Patton et al. (2019). The resulting dynamics in our model are

more robust, particularly for the ES. Formulated differently, our approach and that of Patton

et al. (2019) complement each other. Whereas Patton et al. (2019) provide an appropriate

semi-parametric framework to estimate time-varying thresholds less far out in the tails, our

approach enables the identification of time variation in risk measures in the extreme tails

beyond these thresholds.

Section 2 presents the statistical model. Section 3 discusses the asymptotic properties

of the model and of the maximum likelihood estimator. Section 4 studies the model’s per-

formance in simulation experiments. Section 5 applies the model to two cryptocurrency

exchange rate returns. Section 6 concludes. Proofs and additional results are provided in a

web appendix.
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Consider a random variable Xt, such as asset price losses or negative returns, for t = 1; : : : ; T ,

where T denotes the number of observations of Xt. We are interested in describing the

conditional extreme right tail behavior of Xt. We do this by adopting an Extreme Value

Theory (EVT) perspective. This allows us to only concentrate on the conditional tail behavior

of Xt, leaving any changes in the center of the distribution unmodeled as these are not relevant

for our prime objective: estimating the extreme conditional quantiles of Xt. For our main

result, we formulate a conditional version of the Pickands-Balkema-de Haan Peaks-Over-

Threshold (POT) theorem. This theorem describes the behavior of Xt in the far-out tail

area, i.e., for values of Xt above some high (possibly time-varying) threshold �t. Following

Theorem 1.2.5 of de Haan and Ferreira (2006), the conditional extremal behavior of a random

variable Xt that lies in the domain of attraction of a (heavy-tailed) Fréchet law with tail shape

~ft > 0, can be described by

lim
τt!1

P
�

Xt > �t + �t ~ft xt j Xt > �t; ~Ft�1

�
=
�

1 + ~ft xt

��1/f̃t

;

for xt > 0, ~ft 2 ~Ft�1, and ~Ft�1 = fX1; : : : ; Xt�1g denoting the conditioning set. We refer

to the reciprocal of the tail shape, 1= ~ft, as the tail index. Distributions that satisfy this

condition comprise most fat-tailed distributions used in economics and finance, such as the

Student’s t distribution, the (generalized) Pareto distribution, the log-gamma distribution,

the F distribution, and many more (for further discussion, see e.g. Johnson et al., 1994,

Embrechts et al., 1997, and McNeil et al., 2010, Ch. 7.3.)

Let ti for i = 1; : : : ; nT , denote the time indices at which we observe a POT, i.e., Xti >

�ti , where nT < T denotes the number of POTs. We now define the scaled POTs Yi as
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Yi =
�
Xti � �ti

�
=�ti , Xti = �ti + �ti Yi. Substituting Yi into the above limiting result and

defining fi = ~fti , and yi = ~ftixti , we obtain for yi > 0 that

lim
τti !1

P
�

Yi > yi j ~Fti�1

�
= lim

τti !1
P
�

Yi > yi j Yi > 0; ~Fti�1

�
= lim

τti !1
P
�

�ti + �ti Yi > �ti + �ti yi j �ti + �ti Yi > �ti ;
~Fti�1

�
= lim

τti !1
P
�

Xti > �ti + �ti yi j Xti > �ti ;
~Fti�1

�
= (1 + yi)

�1/fi ; (1)

which yields the generalized Pareto distribution (GPD) as a limiting approximation for the

conditional distribution P(Yi > yi j ~Fti�1) of the extreme tail of the scaled POTs Yi.

The advantage of using scaled POTs Yi = (Xti � �ti)=�ti rather than their unscaled

counterparts (Xti � �ti) is that it considerably simplifies the resulting expression for the

distribution function in (1) for the extreme tails compared to, for example, Massacci (2017)

or D’Innocenzo et al. (2024). In particular, the expression in (1) is characterized by only

one time-varying conditional tail shape parameter fi, rather than by both a tail shape and

tail scale parameter as in earlier papers. This simplification proves particularly helpful when

deriving the asymptotic properties of the model and the maximum likelihood estimator later

on. Empirically, the result requires that we look sufficiently far into the tail, as the result

builds on the limiting result of de Haan and Ferreira (2006), which states that the tail scale

can be written as ~ft�t for sufficiently large �t.

We allow the tail shape to change gradually over time. In particular, we assume that ~ft

possibly changes each time a POT materializes: ~ft = fi if t = ti, and ~ft = ~ft�1 otherwise. It

is then, and only then, that we obtain information about the tail shape behavior of Yi and thus

Xti . In all other cases, we only obtain information about the center of the distribution of Xt,

which is irrelevant for the time variation in the extreme quantiles. We make the simplifying
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assumption P (Yi > yi j ~Fti�1) = P (Yi > yi j Fi�1) with Fi�1 = ~Fti�1
, i.e., the conditional

distribution of the extremes is not affected by intermediate, non-extreme observations Xt

for t = ti�1 + 1; : : : ; ti � 1. We can then introduce score-driven dynamics for fi as in Creal

et al. (2013), with fi+1 = ! + �fi + �si, for i 2 Z, where si is the inverse information scaled

derivative of the log predictive GPD tail density. Transforming the cdf expression in (1)

into a conditional pdf p(yi j Fi�1) = f�1
i (1 + yi)

�f�1
i �1 for yi > 0, we obtain the following

expression for the scaled score,

ri =
@
�

� ln(fi) �
�
f�1
i + 1

�
ln (1 + yi)

�
@fi

=
1

f 2
i

ln (1 + yi) � 1

fi
;

Ii�1 = E
�
r2

i

�� Fi�1

�
= f�2

i ; si = I�1
i�1 ri = ln(1 + yi) � fi:

In this paper, we are particularly interested in filtering the tail shape parameter fi from the

data using an integrated (� = 1) score-driven filtering equation,

fi+1 = ! + � fi + � si = ! + fi + � si = ! + (1 � �) fi + � ln(1 + yi); (2)

for i 2 Z, i.e., a model where we have set � equal to unity rather than to a value inside the

unit interval as is commonly done in the literature. The last equation highlights this further

by spelling out the scaled score si = ln(1 + yi) � fi and rewriting the expression such that

the coefficients 1 � � and � in front of fi and ln(1 + yi), respectively, add up to 1 as in

the iGARCH literature (see, e.g., Francq and Zakoïan, 2019). Note that if fi0 > 0 for some

i0 2 Z, and ! > 0 and 0 < � < 1, then fi is non-negative for all i � i0.

We use the terminology integrated score-driven model similarly as in the integrated

GARCH (iGARCH) literature. Whereas iGARCH models have been well-studied (see, e.g.,

Francq and Zakoïan, 2019, and references therein), integrated score-driven models have thus

far hardly received any attention. This is remarkable given the fact that empirical estimates

of � for score-driven models are often quite close to unity. In a recent paper, Blasques et al.
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(2024) study an integrated score-driven filter in the particular setting of a time-varying lo-

cation model for a mixture of two normals. Properties of integrated score-driven models

for time-varying parameters beyond the location-scale setting, however, are to the best of

our knowledge absent from the current literature. Integrated tail shape dynamics and thus

a slowly time-varying tail shape fi make perfect empirical sense, however, particularly for

longer time spans of highly frequent data such as daily or intra-daily data.

The presence of an intercept ! in (2) when fi has a unit autoregressive coefficient may

seem strange at first sight. It is not always standard (see, for example, the ZD-GARCH

models studied in Li et al., 2018), but has been shown to be important before in a time-

varying volatility setting (see e.g. Francq and Zakoïan, 2012, 2019). We show in Section 3

that a non-zero intercept ! > 0 is crucial if one wishes to interpret the score-driven tail

shape model as a data generating process: without it, convergence of fi to its stationary and

ergodic limit always results in degenerate, thin-tailed tail behavior with fi = 0 for all i 2 Z.

Given the observation-driven nature of the filtering equation (2), an explicit expression

is available for the likelihood function. Estimates of the model’s static parameters can then

be obtained by standard maximum likelihood methods. We gather all the model’s static

parameters in a parameter vector � = (!; �) and write down the likelihood function and the

maximum likelihood estimator (MLE) �̂nT
for the POTs only,

�̂nT
= arg max

θ2Θ
L̂nT

(�); L̂nT
(�) =

1

nT

nTX
i=1

‘̂i(�); (3)

‘̂i(�) = � ln f̂i(�) �

 
1 +

1

f̂i(�)

!
ln(1 + yi);

where we use the slightly more precise notation f̂i(�) to denote the filtered outcomes as a

function of the static parameters,

f̂i+1(�) = ! + f̂i(�) + �
�

ln(1 + yi) � f̂i(�)
�

; (4)
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evaluated at some � inside the parameter space � and initialized at some f̂1 > 0.

Evaluated at their maximum likelihood estimates, the filtered values ~̂ft(�̂nT
) can be used to

compute familiar risk quantities like extreme tail VaR or extreme tail ES using the GPD

approximation; see, for instance, McNeil and Frey (2000), McNeil et al. (2010) and Rocco

(2014). Let � denote the right-tail probability used to define the right-tail threshold �t, i.e.,

P(Xt > �t j ~Ft�1) = �. Then we can estimate the conditional VaR and ES at a more extreme

right-tail probability level 
 < � by

VaR1�γ(Xt j ~Ft�1) = �t �
�




�t

�� ˆ̃
ft(θ̂nT

)

; (5)

ES1�γ(Xt j ~Ft�1) =
VaR1�γ(Xt j ~Ft�1)

1 � ~̂ft(�̂nT
)

; (6)

where t = 1; : : : ; T and where �t is an estimator of the tail probability P(Xt > �t j ~Ft�1),

e.g., the percentage of POT observations up to time t. Alternatively, one can replace �t

directly by the postulated nominal POT probability �. The expressions (5) and (6) differ

from those in, for instance, McNeil et al. (2010) and D’Innocenzo et al. (2024) owing to the

use of scaled POTs Yi = (Xti � �ti)=�ti rather than their unscaled counterparts (Xti � �ti); see

Web Appendix C for derivations. In particular, our expressions only require the estimation

of the tail shape parameter ~̂ft(�̂nT
), and not of any auxiliary tail scale. Due to the result

of de Haan and Ferreira (2006), the expressions coincide again if one uses ~̂ft(�̂nT
)�t as a tail

scale parameter in the former papers.

Given the straightforward formulation of the filter for fi(�) in (4), (5)–(6) directly yield

our desired filtered extreme risk measures. These filtered VaR and ES estimates differ in

an important way from those in Patton et al. (2019). Whereas the approach of Patton

et al. (2019) is very useful for less extreme quantiles, the current EVT-based filtering model
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with integrated dynamics has important advantages for capturing time variation farther out

in the tail. A major advantage of the elicitation function used by Patton et al. (2019)

for characterizing the tail quantile and expected shortfall is that it does not hinge on any

(possibly incorrect) distributional assumptions. At the same time, the approach comes with

a similar limitation for risk assessment as historical simulation has compared to EVT-based

methods: historical simulation cannot capture the extreme tail shape beyond the highest

realization; see, for instance, McNeil et al. (2010). A similar risk exists for the time variation

in VaR and ES using Patton et al. (2019) at extreme quantiles: there, only few POTs are

available (if any at all), resulting in only few changes in the dynamic VaR and ES estimates

using their approach.

We still consider the methodology of Patton et al. (2019), or one similar to it, as key

to our analysis, but mainly for the determination of the (less extreme) thresholds �t; see

Sections 4 and 5. Its advantages are (i) its reliance on very few distributional assumptions,

and (ii) its use of much higher exceedance probabilities (10% or 5%) and thus the occurrence

of a sizable number of POTs to capture the time variation in the thresholds �t. Beyond

these ‘less extreme’ thresholds �t, however, we exploit the shape of the EVT-based GPD

to go much deeper into the tail. The latter has two advantages. First, we lean on the

theoretical insight that the POTs of fat-tailed distributions (i.e., that lie in the domain of

attraction of a Fréchet law) are themselves fat-tailed. Using the score-driven dynamics in

(4), this information is directly exploited when filtering the tail shape values from the data,

resulting in a milder impact of extreme exceedances on the tail shape. Second, we can use

all the observed POTs at these less extreme exceedance levels for filtering the time-varying

tail shape and thus the extreme ES. As a result, our filtered extreme ES values based on the

GPD EVT approximation may vary much more smoothly over time compared to when they

would have been estimated directly using Patton et al. (2019).

Both features are illustrated in Figure 1 using a small simulation experiment for a high

99.9% confidence level. We simulate a large sample of T = 100; 000 observations from a

11



�6�B�;�m�`�2 �R�, �1�o�h�@�#���b�2�/ �p�2�`�b�m�b �S�w�* �}�H�i�2�`�B�M�; �`�2�b�m�H�i�b ���i �N�N�X�N�W

�S���M�2�H�b �U���V�- �U�#�V�- �U�/�V�, �h�B�K�2 �b�2�`�B�2�b �T�H�Q�i�b �Q�7 �i�?�2 �N�N�X�N�W �1�a ���M�/ �o���_ �7�Q�` �i�?�2 �S�w�* �K�2�i�?�Q�/ �Q�7�S���i�i�Q�M
�2�i ���H�X�U�k�y�R�N�V ���M�/ �i�?�2 �1�o�h�@�#���b�2�/ �K�2�i�?�Q�/�Q�H�Q�;�v �T�`�Q�T�Q�b�2�/ �B�M �i�?�B�b �b�2�+�i�B�Q�M�X �h�?�2 �i�?�`�2�b�?�Q�H�/�b� t �7�Q�` �i�?�2
�1�o�h ���T�T�`�Q���+�? ���`�2 �?�2�`�2 �#���b�2�/ �Q�M�S���i�i�Q�M �2�i ���H�X�U�k�y�R�N�V�- �#�m�i �m�b�B�M�; �i�?�2 �8�W �i���B�H�X �h�?�2 �`�2�b�m�H�i�b �7�Q�` �i�?�2
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�b�i���M�/���`�/ �m�M�B�i �2�t�T�Q�M�2�M�i�B���H� i = � ln(1 � ui ) � E xp(1)�X �.�2�}�M�2G(yi j f i ) = 1 � (1 + yi )� 1=f i

���b �i�?�2 �2�t�T�`�2�b�b�B�Q�M �7�Q�` �i�?�2 �i���B�H �:�S�. ���T�T�`�Q�t�B�K���i�B�Q�M �7�`�Q�K �U�R�V�X �q�2 �H�2�if i (� 0) �/�2�M�Q�i�2 �i�?�2 �i�`�m�2

�i�B�K�2�@�p���`�v�B�M�; �i���B�H �b�?���T�2 �T���`���K�2�i�2�` �B�M �i�?�2 �.�:�S ���b �+�?���`���+�i�2�`�B�x�2�/ �#�v �i�?�2 �i�`�m�2 �b�i���i�B�+ �T���`���K�2�i�2�`

�p�2�+�i�Q�`� 0�X �q�2 �b�?�Q�r �H���i�2�` �i�?���if i (� 0) �B�b �i�?�2 �m�M�B�[�m�2 �b�i���i�B�Q�M���`�v ���M�/ �2�`�;�Q�/�B�+ �H�B�K�B�i �Q�7 �B�i�b �B�M�B�i�B���H�B�x�2�/

�+�Q�m�M�i�2�`�T���`�if̂ i (� 0) �7�`�Q�K �U�9�V�- �B�M�B�i�B���H�B�x�2�/ ���i �b�Q�K�2 �}�t�2�/f̂ 1�X

�l�b�B�M�; �i�?�2�b�2 �/�2�}�M�B�i�B�Q�M�b�- �r�2 �Q�#�i���B�M

G(yi j f i (� 0)) = ui = 1 � (1 + yi )� 1=f i (� 0 ) ()
1

f i (� 0)
ln(1 + yi ) = � ln(1 � ui ) = � i ; �U�d�V

���M�/ �i�?�m�b

f i +1 (� 0) = ! 0 + f i (� 0) + � 0
�
ln(1 + yi ) � f i (� 0)

�
= ! 0 +

�
1 + � 0 (� i � 1)

�
f i (� 0); �U�3�V

�R�9



�7�Q�`i 2 Z�X �q�2 �K���F�2 �i�?�2 �7�Q�H�H�Q�r�B�M�; ���b�b�m�K�T�i�B�Q�M�b�X

���b�b�m�K�T�i�B�Q�M �R�Xf � i gi 2 Z �B�b ���M �B�M�/�2�T�2�M�/�2�M�i ���M�/ �B�/�2�M�i�B�+���H�H�v �/�B�b�i�`�B�#�m�i�2�/ �U�A�A�.�V �M�Q�B�b�2 �b�2�[�m�2�M�+�2

�r�?�2� �̀2 �2���+�?� i �?���b �� �m�M�B�i �2�t�T�Q�M�2�M�i�B���H �/�B�b�i�`�B�#�m�i�B�Q�M�X

���b�b�m�K�T�i�B�Q�M �k�X�h�?�2 �T��� �̀��K�2�i�2�` �b�T���+�2 �b���i�B�b�}�2�b� = f � j 0 < ! � ! � �! < 1 �-0 < � � � �

�� < 1g�- ���M�/ �i�?�2 �i�`�m�2 �p���H�m�2� 0 2 �B�M�i(�) �X

�"�Q�i�? ���b�b�m�K�T�i�B�Q�M�b ���`�2 �K�B�H�/ ���M�/ �[�m�B�i�2 �b�i���M�/���`�/�X ���b�b�m�K�T�i�B�Q�M�R�T�Q�b�i�m�H���i�2�b �i�?���i �r�2 �+���M

�;�2�M�2�`���i�2 �i�?�2 �M�Q�M�@�H�B�M�2���` �i�B�K�2 �b�2�`�B�2�b �/�v�M���K�B�+�b �7�Q�` �i�?�2 �i���B�H �b�?���T�2 �K�Q�/�2�H �#�v �7�2�2�/�B�M�; ���M�A�A�.�M�Q�B�b�2

�T�`�Q�+�2�b�b �i�Q �i�?�2 �B�M�p�2�`�b�2 �+�/�7 �Q�7 �i�?�2 �:�S�. �i�Q �Q�#�i���B�M �`�2���H�B�x���i�B�Q�M�b �Q�7yi �X �h�?�2�b�2 �`�2���H�B�x���i�B�Q�M�b �i�?�2�M

�7�2�2�/ �B�M�i�Q �i�?�2 �M�2�t�i �i���B�H �b�?���T�2 �T���`���K�2�i�2�` �p�B�� �i�?�2 �`�2�+�m�`�b�B�Q�M �U�3�V�X ���b�b�m�K�T�i�B�Q�M�k �B�b �b�i���M�/���`�/

���M�/ �2�b�i���#�H�B�b�?�2�b �i�?���i �i�?�2 �T���`���K�2�i�2�` �b�T���+�2 �B�b �+�Q�K�T���+�i ���M�/ �i�?���i �i�?�2 �i�`�m�2 �T���`���K�2�i�2�` �H�B�2�b �B�M

�B�i�b �B�M�i�2�`�B�Q�`�X ���;���B�M�- �i�?�2 �`�2�b�i�`�B�+�i�B�Q�M�b �Q�M �i�?�2 �T���`���K�2�i�2�` �b�T���+�2 ���`�2 �m�M�b�m�`�T�`�B�b�B�M�;�,! > 0 ���M�/

0 < � < 1 �D�Q�B�M�i�H�v �2�M�b�m�`�2 �i�?���i �i�?�2 �i���B�H �b�?���T�2 �T���`���K�2�i�2�` �`�2�K���B�M�b �M�Q�M�@�M�2�;���i�B�p�2 �7�Q�` ���H�H �p���H�m�2�b

�Q�7i �X �q�2 �M�Q�r �Q�#�i���B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �i�?�2�Q�`�2�K�- �r�?�B�+�? �2�b�i���#�H�B�b�?�2�b �U�B�V �b�i���i�B�Q�M���`�B�i�v ���M�/ �2�`�;�Q�/�B�+�B�i�v

�Q�7 �i�?�2 �/���i��yi ���M�/ �Q�7 �i�?�2 �m�M�B�M�B�i�B���H�B�x�2�/ �i�`�m�2 �i�B�K�2�@�p���`�v�B�M�; �T���`���K�2�i�2�`f i (� 0)�c �U�B�B�V �B�M�p�2�`�i�B�#�B�H�B�i�v �Q�7

�i�?�2 �}�H�i�2�`f̂ i (� ) �b�i���`�i�2�/ ���if̂ 1 ���M�/ �2�p���H�m���i�2�/ ���i �� �;�2�M�2�`�B�+ �p���H�m�2� 2 � �c ���M�/ �U�B�B�B�V �i�?�2 �2�t�B�b�i�2�M�+�2 �Q�7

���T�T�`�Q�T�`�B���i�2 �K�Q�K�2�M�i�b �i�Q �2�b�i���#�H�B�b�? �i�?�2 �+�Q�M�b�B�b�i�2�M�+�v �Q�7 �i�?�2 �K���t�B�K�m�K �H�B�F�2�H�B�?�Q�Q�/ �2�b�i�B�K���i�Q�` �H���i�2�`

�Q�M�X ���H�H �T�`�Q�Q�7�b ���`�2 �7�Q�m�M�/ �B�M �q�2�# ���T�T�2�M�/�B�+�2�b �� ���M�/ �"�X

�h�?�2�Q�`�2�K �R�X�l�M�/�2�` ���b�b�m�K�T�i�B�Q�M�b�R���k ���M�/ �7�Q�`nT ! 1 �,

�U�B�V�i�?�2 �K�Q�/�2�H �B�b �b�i���i�B�Q�M���`�v ���M�/ �2� �̀;�Q�/�B�+�- �B�X�2�X�- �i�?�2� �̀2 �2�t�B�b�i�b �� �m�M�B�[�m�2 �b�i���i�B�Q�M���`�v ���M�/ �2� �̀;�Q�/�B�+

�b�Q�H�m�i�B�Q�Mf i (� 0) ���M�/yi �i�Q�U�d�V���M�/�U�3�V�c �K�Q� �̀2�Q�p�2�`�- �i�?�2� �̀2 �2�t�B�b�i�b �b�Q�K�2 �b�K���H�Hr > 0 �b�m�+�? �i�?���i

Ejf i (� 0)jr < 1 ���M�/E
�
� ln(1 + yi )

�
� r

< 1 �c

�U�B�B�V�B�7E ln+ ln(1+ yi ) < 1 �- �i�?�2�M �i�?�2 �K�Q�/�2�H�@�B�K�T�H�B�2�/ �}�H�i�2�` �B�b �B�M�p�2�`�i�B�#�H�2�- �B�X�2�X�-f̂ i (� ) ���b �;�2�M�2� �̀��i�2�/

�#�v�U�9�V���M�/ �B�M�B�i�B���H�B�x�2�/ ���if̂ 1 �+�Q�M�p�2� �̀;�2�b �i�Q �� �m�M�B�[�m�2 �b�i���i�B�Q�M���`�v ���M�/ �2� �̀;�Q�/�B�+ �b�Q�H�m�i�B�Q�Mf i (� )

�m�M�B�7�Q�`�K�H�v �Q�p�2�`� �c

�R�8



�U�B�B�B�V�i�?�2 � �̀��i�B�Q �T� �̀Q�+�2�b�bẑf
i (� ) = f i (� 0)=f̂ i (� ) �+�Q�M�p�2� �̀;�2�b �i�Q �� �m�M�B�[�m�2 �b�i���i�B�Q�M���`�v ���M�/ �2� �̀;�Q�/�B�+

�b�Q�H�m�i�B�Q�Mzf
i (� ) = f i (� 0)=f i (� )�X �J�Q� �̀2�Q�p�2�`�-zf

i (� ) ���M�/1=zf
i (� ) �?���p�2 �}�M�B�i�2k�@�i�? �Q� �̀/�2�`

�K�Q�K�2�M�i�- �m�M�B�7�Q�`�K�H�v �Q�p�2�`� �- �7�Q�` ���M�vk > 0�X

�:�B�p�2�M �i�?�2 �K�Q�/�2�H�ö�b �b�i�`�m�+�i�m�`�2�- �i�?�2 �i�r�Q �b�B�K�T�H�2 ���b�b�m�K�T�i�B�Q�M�b�R���M�/�k �b�m�{�+�2 �i�Q �Q�#�i���B�M �b�i���@

�i�B�Q�M���`�B�i�v ���M�/ �2�`�;�Q�/�B�+�B�i�v �Q�7 �i�?�2 �i�B�K�2�@�p���`�v�B�M�; �i���B�H �b�?���T�2 �B�M �i�?�2 �.�:�S�X �A�M�i�2�`�2�b�i�B�M�;�H�v�- �i�?�2 �`�2�b�m�H�i

���H�b�Q �;�B�p�2�b �`�B�b�2 �i�Q �i�?�2 �7�Q�H�H�Q�r�B�M�; �+�Q�`�Q�H�H���`�v�X

�*�Q�`�Q�H�H���`�v �k�X�l�M�/�2�` ���b�b�m�K�T�i�B�Q�M�b�R���M�/�k ���M�/ �7�Q�`nT ! 1 �,

�U�B�V�B�7! 0 = 0�- �i�?�2 �b�i���i�B�Q�M���`�v ���M�/ �2� �̀;�Q�/�B�+ �b�Q�H�m�i�B�Q�M �7�Q�`f i (� 0) �b���i�B�b�}�2�bf i (� 0) = 0 �U���X�b�X�V �7�Q�`

���H�Hi �c

�U�B�B�V�7�Q�`! 0 > 0�- �i�?�2 �b�i���i�B�Q�M���`�v �b�Q�H�m�i�B�Q�M �7�Q�`f i (� 0) �/�Q�2�b �M�Q�i �?���p�2 �� �}�M�B�i�2 �}�`�b�i �K�Q�K�2�M�i�X

�h�?�2 �M�Q�M�@�x�2�`�Q �B�M�i�2�`�+�2�T�i! 0 �B�M �i�?�2 �.�:�S �B�b �i�?�m�b �M�2�2�/�2�/ �i�Q �Q�#�i���B�M �� �M�Q�M�@�/�2�;�2�M�2�`���i�2 �H�B�K�B�i�B�M�;

�#�2�?���p�B�Q�` �Q�7f i (� 0)�X �h�?�2 �B�M�i�m�B�i�B�Q�M �7�Q�` �i�?�B�b �B�b �B�K�K�2�/�B���i�2�H�v �+�H�2���` �7�`�Q�K �i�?�2 �`�2�+�m�`�b�B�Q�M �U�3�V�- �r�?�B�+�?

�B�b �� �+�Q�M�i�`���+�i�B�M�; ���m�i�Q�`�2�;�`�2�b�b�B�Q�M �Q�7 �Q�`�/�2�` �Q�M�2 �r�B�i�? �� �`���M�/�Q�K �+�Q�2�{�+�B�2�M�i�X �6�Q�H�H�Q�r�B�M�;�"�Q�m�;�2�`�Q�H

�U�R�N�N�j�V�- �h�?�2�Q�`�2�K�R�2�b�i���#�H�B�b�?�2�b �i�?���i �B�i �?���b �� �b�i���i�B�Q�M���`�v ���M�/ �2�`�;�Q�/�B�+ �b�Q�H�m�i�B�Q�M�X �6�B�H�H�B�M�; �Q�m�i

f i (� 0) = 0 �- �r�2 �+���M �b�2�2 �i�?���i �i�?�B�b �Q�#�p�B�Q�m�b�H�v �B�b �� �+���M�/�B�/���i�2 �b�Q�H�m�i�B�Q�M �B�M �+���b�2! 0 = 0�X �h�?�2

�+�Q�`�Q�H�H���`�v �i�?�2�M �7�Q�H�H�Q�r�b �B�K�K�2�/�B���i�2�H�v �7�`�Q�K �i�?�2 �m�M�B�[�m�2�M�2�b�b �Q�7 �i�?�2 �b�i���i�B�Q�M���`�v ���M�/ �2�`�;�Q�/�B�+ �H�B�K�B�i�-

���b �b�?�Q�r�M �#�v�a�i�`���m�K���M�M ���M�/ �J�B�F�Q�b�+�?�U�k�y�y�e�V�X �"�v �i���F�B�M�; �m�M�+�Q�M�/�B�i�B�Q�M���H �2�t�T�2�+�i���i�B�Q�M�b �Q�7 �i�?�2

�H�2�7�i ���M�/ �K�B�/�/�H�2 �T���`�i �Q�7 �U�3�V �7�Q�`! 0 > 0�- ���M�/ �m�b�B�M�; �i�?�2 �7���+�i �i�?���i �i�?�2 �b�+���H�2�/ �b�+�Q�`�2 �?���b �+�Q�M�/�B�i�B�Q�M���H

�2�t�T�2�+�i���i�B�Q�M �x�2�`�Q�- �r�2 �?���p�2E[f i +1 (� 0)] = ! 0 + E[f i (� 0)]�X �A�i �i�?�2�M ���H�b�Q �7�Q�H�H�Q�r�b �/�B�`�2�+�i�H�v �i�?���if i (� 0)

�+���M�M�Q�i �?���p�2 �� �}�M�B�i�2 �K�2���M �B�7! 0 > 0�X

�h�?�2 �b�2�+�Q�M�/ �T���`�i �Q�7 �h�?�2�Q�`�2�K�R�2�b�i���#�H�B�b�?�2�b �i�?�2 �B�M�p�2�`�i�B�#�B�H�B�i�v �Q�7 �i�?�2 �}�H�i�2�` �m�M�/�2�` �� �H�Q�;+ �@�H�Q�;�@

�K�Q�K�2�M�i �+�Q�M�/�B�i�B�Q�M�- �r�?�B�+�? �B�b �p�2�`�v �r�2���F�X ���b �i�?�2 �}�`�b�i �T���`�i �Q�7 �i�?�2 �i�?�2�Q�`�2�K ���H�`�2���/�v �2�b�i���#�H�B�b�?�2�/

�i�?���i �i�?�2 �/���i�� �;�2�M�2�`���i�2�/ �#�v �i�?�2 �K�Q�/�2�H �B�b �b�i���i�B�Q�M���`�v ���M�/ �2�`�;�Q�/�B�+ ���M�/ �i�?���iln(1 + yi ) �?���b ��

�b�K���H�H �K�Q�K�2�M�ir �- �i�?�2 �}�H�i�2�` �B�b �B�M�p�2�`�i�B�#�H�2 ���i �i�?�2 �.�:�S�X �A�M�p�2�`�i�B�#�B�H�B�i�v�- �?�Q�r�2�p�2�`�- �?�Q�H�/�b �7�Q�` �;�2�M�2�`�B�+

�b�i���i�B�Q�M���`�v ���M�/ �2�`�;�Q�/�B�+yi �r�B�i�? �� �H�Q�;+ �@�H�Q�;�@�K�Q�K�2�M�i�- �K�2���M�B�M�; �i�?���i �B�i �+�Q�M�i�B�M�m�2�b �i�Q �?�Q�H�/ �B�7 �i�?�2

�R�e



�K�Q�/�2�H �B�b �K�B�b�@�b�T�2�+�B�}�2�/�X ���H�b�Q �M�Q�i�2 �i�?���if̂ i (� ) �/�Q�2�b �M�Q�i �?���p�2 �� �}�M�B�i�2 �}�`�b�i �m�M�+�Q�M�/�B�i�B�Q�M���H �K�Q�K�2�M�i

���i �i�?�2 �.�:�S�- ���b �B�i �B�b �/�`�B�p�2�M �#�v �i�?�2 �B�M�M�Q�p���i�B�Q�M� ln(1 + yi ) = �f i (� 0)� i �- �r�?�2�`�2� i �?���b �� �m�M�B�i

�2�t�T�Q�M�2�M�i�B���H �/�B�b�i�`�B�#�m�i�B�Q�M�X �h�?�2 �}�`�b�i �T���`�i �Q�7 �i�?�2 �i�?�2�Q�`�2�K ���H�`�2���/�v �B�K�T�H�B�2�/ �i�?���if i (� 0) �/�Q�2�b �M�Q�i

�?���p�2 �� �}�`�b�i �K�Q�K�2�M�i�X

�6�B�M���H�H�v�- �i�?�2 �i�?�B�`�/ �T���`�i �Q�7 �h�?�2�Q�`�2�K�R�+�Q�M�b�B�/�2�`�b �i�?�2 �b�+���H�2�/ �T�`�Q�+�2�b�bẑf
i (� ) = f i (� 0)=f̂ i (� )�X

�h�?�B�b �T�`�Q�+�2�b�b �?���b �}�M�B�i�2 �K�Q�K�2�M�i�b ���M�/ �B�M�p�2�`�b�2 �K�Q�K�2�M�i�b �Q�7 ���`�#�B�i�`���`�v �H���`�;�2 �Q�`�/�2�`�- �2�p�2�M �i�?�Q�m�;�?

f i (� ) ���M�/f̂ i (� ) �/�Q �M�Q�i�- �M�2�B�i�?�2�` ���i� 0 �M�Q�` ���i� 2 � n� 0�X �h�?�2 �B�M�i�2�`�2�b�i �B�M �i�?�2 �T�`�Q�+�2�b�bẑf
i (� ) �b�i�2�K�b

�7�`�Q�K �+�Q�M�b�B�/�2�`�B�M�; �i�?�2 �+�2�M�i�`���H�B�x�2�/ �H�Q�;�@�H�B�F�2�H�B�?�Q�Q�/ �7�m�M�+�i�B�Q�M �m�M�/�2�` �+�Q�`�`�2�+�i �b�T�2�+�B�}�+���i�B�Q�M�-

Q̂nT (� ) = L̂nT (� ) � LnT (� 0) =
nTX

i =1

Q̂i (� )

=
nTX

i =1

� ln f̂ i (� ) � (1 + f̂ i (� )� 1) ln(1 + yi ) + ln f i (� 0) + (1 + f i (� 0)� 1) ln(1 + yi )

=
nTX

i =1

ln
f i (� 0)

f̂ i (� )
�

f i (� 0)

f̂ i (� )
� i + � i =

nTX

i =1

ln ẑf
i (� ) � � i

�
ẑf

i (� ) � 1
�

: �U�N�V

�q�2 ���H�b�Q �/�2�}�M�2QnT (� ) = LnT (� ) � LnT (� 0)�- ���M�/ �/�2�}�M�2Qi (� ) �b�B�K�B�H���` �i�QQ̂i (� )�- �#�m�i �r�B�i�?f̂ i (� )

�`�2�T�H���+�2�/ �#�v �B�i�b �b�i���i�B�Q�M���`�v ���M�/ �2�`�;�Q�/�B�+ �H�B�K�B�if i (� )�X ���b �i�?�2 �K���t�B�K�B�x�2�` �Q�7L̂nT (� ) �B�b �i�?�2 �b���K�2 ���b

�i�?���i �Q�7̂QnT (� )�- �i�?�2 �T�`�Q�T�2�`�i�B�2�b �Q�7ẑf
i (� ) �+���M �#�2 �m�b�2�/ �i�Q �/�2�`�B�p�2 �i�?�2 �T�`�Q�T�2�`�i�B�2�b �Q�7 �i�?�2 �J�G�1�X �A�M

�T���`�i�B�+�m�H���`�- �U�N�V �+�H���`�B�}�2�b �i�?���i �+�Q�M�b�B�b�i�2�M�+�v �`�2�b�m�H�i�b �+���M �#�2 �Q�#�i���B�M�2�/ �B�7 �� �}�`�b�i �K�Q�K�2�M�i �2�t�B�b�i�b �7�Q�`

ẑf
i (� )�X �h�?�B�b �B�b �T�`�2�+�B�b�2�H�v �r�?���i �i�?�2 �H���b�i �T���`�i �Q�7 �h�?�2�Q�`�2�K�R�2�b�i���#�H�B�b�?�2�b�X �h�?�Q�m�;�?f i (� 0) �/�Q�2�b �M�Q�i

�?���p�2 �� �}�M�B�i�2 �}�`�b�i �K�Q�K�2�M�i �7�Q�`! 0 > 0�- �i�?�2�M�Q�`�K���H�B�x�2�/�T�`�Q�+�2�b�bẑf
i (� ) = f i (� 0)=f̂ i (� ) �?���b �}�M�B�i�2

�K�Q�K�2�M�i�b �m�T �i�Q ���`�#�B�i�`���`�v �U�T�Q�b�B�i�B�p�2�V �Q�`�/�2�`�X

�q�2 �+���M �M�Q�r �2�b�i���#�H�B�b�? �i�?�2 �7�Q�H�H�Q�r�B�M�; �`�2�b�m�H�i �7�Q�` �i�?�2 �K���t�B�K�m�K �H�B�F�2�H�B�?�Q�Q�/ �2�b�i�B�K���i�Q�` �Q�7 �i�?�2

�K�Q�/�2�H�ö�b �b�i���i�B�+ �T���`���K�2�i�2�`�b �m�b�B�M�; �i�?�2 �B�M�i�2�;�`���i�2�/�- �b�+�Q�`�2�@�/�`�B�p�2�M �}�H�i�2�`�X

�h�?�2�Q�`�2�K �j�X�l�M�/�2�` ���b�b�m�K�T�i�B�Q�M�b�R���k ���M�/ �7�Q�`nT ! 1 �- �i�?�2 �J�G�1 �B�b �b�i� �̀Q�M�;�H�v �+�Q�M�b�B�b�i�2�M�i�-

�̂ nT

���X�b�X! � 0 ���M�/ ���b�v�K�T�i�Q�i�B�+���H�H�v �M�Q�`�K���H�H�v �/�B�b�i�`�B�#�m�i�2�/ �r�B�i�?
p

nT

�
�̂ nT � � 0

�
) N

�
0 ; I (� 0)� 1

�

�7�Q�`nT ! 1 �- �r�?�2� �̀2I (� 0) = � E
�
@2Qi (� 0)=@�@�>

�
�/�2�M�Q�i�2�b �i�?�2 �M�Q�M�@�b�B�M�;�m�H���` �6�B�b�?�2�` �B�M�7�Q�`�K���@

�R�d



�i�B�Q�M �K���i�`�B�t�X

�h�?�2�Q�`�2�K�j ���H�H�Q�r�b �7�Q�` ���M �B�M�7�2�`�2�M�i�B���H �7�`���K�2�r�Q�`�F �7�Q�` �i�?�2 �F�2�v �}�H�i�2�`�B�M�; �T���`���K�2�i�2�`� �B�7 �i�?�2

�K�Q�/�2�H �B�b �b�T�2�+�B�}�2�/ �+�Q�`�`�2�+�i�H�v�X �L�Q�i�2 �i�?���i �i�?�2 �+�Q�`�`�2�+�i �b�T�2�+�B�}�+���i�B�Q�M �7�Q�H�H�Q�r�b �B�K�K�2�/�B���i�2�H�v �7�`�Q�K

�i�?�2 �1�o�h �T�2�`�b�T�2�+�i�B�p�2 ���M�/ �i�?�2 �H�B�K�B�i�B�M�; �`�2�b�m�H�i �B�M �U�R�V ���b �H�Q�M�; ���b �i�?�2 �Q�`�B�;�B�M���H �/���i�� �H�B�2 �B�M �i�?�2

�/�Q�K���B�M �Q�7 ���i�i�`���+�i�B�Q�M �Q�7 �� �6�`�û�+�?�2�i �H���r�X �h�?�B�b �B�b �K�m�+�? �r�2���F�2�` �i�?���M �B�M �m�b�m���H �b�2�i�i�B�M�;�b�- �r�?�2�`�2 �i�?�2

���b�b�m�K�T�i�B�Q�M �Q�7 �+�Q�`�`�2�+�i �b�T�2�+�B�}�+���i�B�Q�M �K�B�;�?�i �#�2 �/�2�2�K�2�/ �Q�p�2�`�H�v �`�2�b�i�`�B�+�i�B�p�2�X �a�i�B�H�H�- �r�2 �+���M ���H�H�Q�r

�7�Q�` �b�Q�K�2 �7�Q�`�K �Q�7 �K�B�b�@�b�T�2�+�B�}�+���i�B�Q�M �Q�r�B�M�; �i�Q�- �7�Q�` �B�M�b�i���M�+�2�- �i�?�2 �m�b�2 �Q�7 �}�M�B�i�2 �i�?�`�2�b�?�Q�H�/�b�̂ t i �B�M

�i�?�2 �7�Q�H�H�Q�r�B�M�; �r���v�X �h�?�2 �K���B�M ���`�;�m�K�2�M�i�b �B�M �i�?�2 �T�`�Q�Q�7 �Q�7 �h�?�2�Q�`�2�K�j �+�Q�M�i�B�M�m�2 �i�Q �?�Q�H�/ ���b �H�Q�M�;

���bF (yi ) = 1 � (1 + yi )� 1=f i (� 0 ) = 1 � exp(� � i ) �7�Q�` �b�Q�K�2�A�A�.f � i gi 2 Z �i�?���i �B�b �M�Q�i �M�2�+�2�b�b���`�@

�B�H�v �m�M�B�i �2�t�T�Q�M�2�M�i�B���H�H�v �/�B�b�i�`�B�#�m�i�2�/ ���b �B�M �i�?�2 �+�Q�`�`�2�+�i�H�v �b�T�2�+�B�}�2�/ �+���b�2�- �#�m�i �b�i�B�H�H �?���bE[� i ] = 1

���M�/E[� 4
i ] < 1 �X �h�?�2 �`�2�b�m�H�i �Q�7 �h�?�2�Q�`�2�K�j �i�?�2�M �M�2�2�/�b �i�Q �#�2 �b�H�B�;�?�i�H�v ���/���T�i�2�/ �#�v �`�2�T�H���+�B�M�;

�i�?�2 ���b�v�K�T�i�Q�i�B�+ �+�Q�p���`�B���M�+�2 �K���i�`�B�tI (� 0)� 1 �#�v �B�i�b �m�b�m���H �b���M�/�r�B�+�? �7�Q�`�KI (� 0)� 1J (� 0)I (� 0)� 1�-

�r�?�2�`�2J (� 0) = E
�
(@Qi (� 0)=@�) (@Qi (� 0)=@�)>

�
�/�2�M�Q�i�2�b �i�?�2 �2�t�T�2�+�i�2�/ �Q�m�i�2�` �T�`�Q�/�m�+�i �Q�7 �;�`���@

�/�B�2�M�i�b�X �h�?�2 �b�B�K�m�H���i�B�Q�M �a�2�+�i�B�Q�M�9�B�M�p�2�b�i�B�;���i�2�b �2�p�2�M �K�Q�`�2 �b�2�p�2�`�2 �7�Q�`�K�b �Q�7 �K�B�b�@�b�T�2�+�B�}�+���i�B�Q�M ���M�/

�b�?�Q�r�b �i�?���i �i�?�2 ���b�v�K�T�i�Q�i�B�+ �M�Q�`�K���H�B�i�v ���T�T�`�Q�t�B�K���i�B�Q�M �r�B�i�? �i�?�2 �b���M�/�r�B�+�? �+�Q�p���`�B���M�+�2 �K���i�`�B�t

�+�Q�M�i�B�M�m�2�b �i�Q �;�B�p�2 ���/�2�[�m���i�2 �`�2�b�m�H�i�b �7�Q�` �B�M�7�2�`�2�M�+�2 �B�M �b�m�+�? �b�2�i�i�B�M�;�b�X

�l�M�i�B�H �M�Q�r�- �r�2 �+�Q�M�b�B�/�2�`�2�/nT ! 1 ���b �� �/�2�i�2�`�K�B�M�B�b�i�B�+ �b�2�[�m�2�M�+�2�X ���bnT �B�b �B�M�?�2�`�2�M�i�H�v

�`���M�/�Q�K�- �?�Q�r�2�p�2�`�- �#�2�B�M�; �/�2�i�2�`�K�B�M�2�/ �#�v �i�?�2 �M�m�K�#�2�` �Q�7 �S�P�h�b �m�T �i�Q �i�B�K�2T�- �h�?�2�Q�`�2�K�9�2�t�i�2�M�/�b

�i�?�2 �+�Q�M�b�B�b�i�2�M�+�v ���M�/ ���b�v�K�T�i�Q�i�B�+ �M�Q�`�K���H�B�i�v �`�2�b�m�H�i�b �i�Q �i�?�2 �b�2�i�i�B�M�; �Q�7 �� �`���M�/�Q�K �M�m�K�#�2�` �Q�7 �S�P�h�b

�#�v ���T�T�H�v�B�M�; �G�2�K�K�� �R �Q�7�*���p���H�B�2�`�2 �2�i ���H�X�U�k�y�k�8�V�X

�h�?�2�Q�`�2�K �9�X�l�M�/�2�` ���b�b�m�K�T�i�B�Q�M�R���k�- �i�?�2 �K���t�B�K�B�x�2�`�̂ nT �Q�7̂LnT (� ) �B�M�U�j�V�B�b �+�Q�M�b�B�b�i�2�M�i�-�̂ nT

p
!

� 0 ���M�/ ���b�v�K�T�i�Q�i�B�+���H�H�v �M�Q�`�K���H �/�B�b�i�`�B�#�m�i�2�/ �r�B�i�?
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�9 �a�B�K�m�H���i�B�Q�M �b�i�m�/�v

�9�X�R�a�B�K�m�H���i�B�Q�M �/�2�b�B�;�M

�h�?�B�b �b�2�+�i�B�Q�M �B�M�p�2�b�i�B�;���i�2�b �i�?�2 �T�2�`�7�Q�`�K���M�+�2 �Q�7 �Q�m�` �/�v�M���K�B�+ �1�o�h �K�Q�/�2�H �B�M �� �+�Q�M�i�`�Q�H�H�2�/ �b�2�i�i�B�M�;�X

�q�2 �7�Q�+�m�b �Q�M �i�?�2 �[�m���H�B�i�v �Q�7 �i�?�2 �2�b�i�B�K���i�2�b �Q�7� ���M�/! ���M�/ �i�?�2 ���/�2�[�m���+�v �Q�7 �i�?�2 ���b�v�K�T�i�Q�i�B�+ �M�Q�`�K���H

���T�T�`�Q�t�B�K���i�B�Q�M�X �h�?�2 �b�B�K�m�H���i�B�Q�M �b�i�m�/�v �B�M�p�Q�H�p�2�b �i�?�`�2�2 �b�2�i�i�B�M�;�b �U�i�?�`�2�2 �b�2�i�b �Q�7 �2�t�T�2�`�B�K�2�M�i�b�V�X �A�M

���H�H �i�?�`�2�2 �b�2�i�i�B�M�;�b�- �r�2 �;�2�M�2�`���i�2 �/�`���r�bX t �7�`�Q�K �� �K�B�t�i�m�`�2 �/�B�b�i�`�B�#�m�i�B�Q�M�X �q�B�i�? �T�`�Q�#���#�B�H�B�i�v1� � �-

�r�2 �/�`���r �7�`�Q�K �� �b�i���M�/���`�/ �:���m�b�b�B���M �:���_�*�>�U�R�-�R�V �r�B�i�? �T���`���K�2�i�2�`�b(0:01; 0:07; 0:92)0�X �h�?�2

�T���`���K�2�i�2�`�b ���`�2 �+�?�Q�b�2�M �+�H�Q�b�2 �i�Q �i�?�2 �p���H�m�2�b �7�Q�m�M�/ �#�v �2�b�i�B�K���i�B�M�; �� �:���m�b�b�B���M �:���_�*�>�U�R�-�R�V

�K�Q�/�2�H �7�Q�` �2�K�T�B�`�B�+���H �2�t�+�?���M�;�2 �`���i�2�b�X �q�B�i�? �T�`�Q�#���#�B�H�B�i�v� �- �r�2 �/�`���r �� �`�B�;�?�i �i���B�H �Q�#�b�2�`�p���i�B�Q�M ���b

X t i = � t i exp (f i � i )�- �r�?�2�`�2� t i �B�b �i�?�2 �+�Q�`�`�2�+�i �[�m���M�i�B�H�2 �7�`�Q�K �i�?�2 �m�M�/�2�`�H�v�B�M�; �b�i���M�/���`�/ �:���m�b�b�B���M

�:���_�*�>�U�R�-�R�V �i�?���i �B�b �m�b�2�/ �i�Q �;�2�M�2�`���i�2 �i�?�2 �Q�#�b�2�`�p���i�B�Q�M�b �7�`�Q�K �i�?�2 �+�2�M�i�2�` �Q�7 �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M�-f i

�B�b �i�?�2 �i���B�H �b�?���T�2�- ���M�/� i �B�b �� �b�i���M�/���`�/ �m�M�B�i �2�t�T�Q�M�2�M�i�B���H �`���M�/�Q�K �p���`�B���#�H�2�X

�A�M �b�2�i�i�B�M�;�b �R ���M�/ �k�- �r�2 �H�2�i �i�?�2 �i�B�K�2�@�p���`�v�B�M�; �i���B�H �b�?���T�2 �#�2 �;�2�M�2�`���i�2�/ �#�v �i�?�2 �K�Q�/�2�H �T�`�2�@

�b�2�M�i�2�/ �B�M �a�2�+�i�B�Q�M�k�- �m�b�B�M�;! = 1:5 � 10� 5 ���M�/� = 0:01�- �B�M �H�B�M�2 �r�B�i�? �T���`���K�2�i�2�`�b �7�Q�m�M�/ �7�Q�` �i�?�2

�"�h�*�f�l�a�. ���M�/ �1�h�>�f�l�a�. �2�t�+�?���M�;�2 �`���i�2�b �B�M �a�2�+�i�B�Q�M�8�ö�b �2�K�T�B�`�B�+���H �B�H�H�m�b�i�`���i�B�Q�M�b�X �h�?�2 �/�B�z�2�`�@

�2�M�+�2 �#�2�i�r�2�2�M �i�?�2 �}�`�b�i �i�r�Q �b�2�i�i�B�M�;�b �B�b �i�?���i �r�2 �m�b�2 �i�?�2 �i�`�m�2 �i�?�`�2�b�?�Q�H�/�b� t �B�M �i�?�2 �}�`�b�i �b�2�i�i�B�M�; �i�Q

�}�H�i�2�` �i�?�2 �i���B�H �T���`���K�2�i�2�`�b�- ���M�/ �i�?�2 �2�b�i�B�K���i�2�/ �i�?�`�2�b�?�Q�H�/�b�̂ t �#���b�2�/ �Q�M�S���i�i�Q�M �2�i ���H�X�U�k�y�R�N�V �B�M �i�?�2

�b�2�+�Q�M�/ �2�t�T�2�`�B�K�2�M�i�c �b�2�2 ���H�b�Q �a�2�+�i�B�Q�M�8�X�R�X �h�?�B�b ���H�H�Q�r�b �m�b �i�Q �b�i�m�/�v �i�?�2 �2�z�2�+�i �Q�7 �i�?�2 �2�b�i�B�K���i�B�Q�M

�Q�7 �i�?�2 �i�?�`�2�b�?�Q�H�/�b �Q�M �i�?�2 �`�2�b�m�H�i�b�X

�A�M �i�?�2 �i�?�B�`�/ �b�2�i�i�B�M�;�- �r�2 �H�2�i �i�?�2 �H�Q�;���`�B�i�?�K �Q�7 �i�?�2 �i�B�K�2�@�p���`�v�B�M�; �i���B�H �b�?���T�2 �T���`���K�2�i�2�` �#�2

�;�2�M�2�`���i�2�/ �#�v ���M ���m�i�Q�`�2�;�`�2�b�b�B�p�2 �K�Q�/�2�H �Q�7 �Q�`�/�2�` �Q�M�2�- �r�B�i�? �b�i���i�2 �2�[�m���i�B�Q�M

log(f i ) = � 0:01 + 0:99� log(f i � 1) + 0 :06� � i � 1;

�r�?�2�`�2f � i gi 2 Z �B�b ���M�A�A�.�M�Q�B�b�2 �b�2�[�m�2�M�+�2 ���M�/ �r�?�2�`�2 �2���+�?� i �?���b �� �b�i���M�/���`�/ �:���m�b�b�B���M �/�B�b�i�`�B�#�m�i�B�Q�M�X

�R�N



�h�?�2 �K�Q�/�2�H �B�b �i�?�m�b �K�B�b�@�b�T�2�+�B�}�2�/�- ���M�/ �r�2 �B�M�p�2�b�i�B�;���i�2 �r�?�2�i�?�2�` �i�?�2 �K�Q�/�2�H �+���M �b�i�B�H�H �`�2�H�B���#�H�v �i�`���+�F

�i�?�2 �i�`�m�2 �i�B�K�2�@�p���`�v�B�M�; �T���`���K�2�i�2�`f i ���M�/ �r�?�2�i�?�2�` �i�?�2 �2�b�i�B�K���i�2�/�̂ �b�i�B�H�H �#�2�?���p�2�b �r�2�H�H �+�Q�K�T���`�2�/

�i�Q �i�?�2 �+�Q�`�`�2�+�i�H�v �b�T�2�+�B�}�2�/ �b�2�i�i�B�M�;�c �b�2�2 �i�?�2 �/�B�b�+�m�b�b�B�Q�M ���7�i�2�` �h�?�2�Q�`�2�K�j�X �A�M �i�?�B�b �b�2�i�i�B�M�;�- �Q�m�` �}�H�i�2�`

�B�b �b�i�B�H�H �B�M�p�2�`�i�B�#�H�2�- �#�m�i �i�?�2 �2�b�i�B�K���i�Q�` �Q�7 �i�?�2 �b�i���i�B�+ �T���`���K�2�i�2�`�b �Q�M�H�v �+�Q�M�p�2�`�;�2�b �i�Q �� �T�b�2�m�/�Q�@�i�`�m�2

�p���H�m�2�X �h�?�2 �H���i�i�2�` �B�b �+�?�Q�b�2�M �b�m�+�? �i�?���i �i�?�2 �K�B�b�@�b�T�2�+�B�}�2�/ �}�H�i�2�`�2�/ �K�Q�/�2�H �K���i�+�?�2�b �i�?�2 �m�M�F�M�Q�r�M

�.�:�S ���b �+�H�Q�b�2�H�v ���b �T�Q�b�b�B�#�H�2 �U�+�7�X�"�H���b�[�m�2�b �2�i ���H�X�-�k�y�R�8�c�"�2�m�i�M�2�` �2�i ���H�X�-�k�y�k�9�V�X

�A�M ���H�H �i�?�`�2�2 �b�2�i�i�B�M�;�b�- �r�2 �+�Q�M�b�B�/�2�` �i�r�Q �p�2�`�b�B�Q�M�b �Q�7 �i�?�2 �K�Q�/�2�H�, �Q�M�2 �B�M �r�?�B�+�? �r�2 �2�b�i�B�K���i�2

�i�?�2 �B�M�i�2�`�+�2�T�i �T���`���K�2�i�2�`! �- ���M�/ �Q�M�2 �B�M �r�?�B�+�? �r�2 �}�t �B�i ���i �b�Q�K�2 ���`�#�B�i�`���`�v �b�K���H�H �p���H�m�2!̂ =

10� 7�X �h�?�B�b ���H�H�Q�r�b �m�b �i�Q �B�M�p�2�b�i�B�;���i�2 �i�?�2 �2�z�2�+�i �Q�7 �B�M�+�H�m�/�B�M�; �Q�` �}�t�B�M�; �i�?�B�b �T���`���K�2�i�2�`�- �r�?�B�+�? �B�b

�i�v�T�B�+���H�H�v �2�b�i�B�K���i�2�/ �+�H�Q�b�2 �i�Q �x�2�`�Q�X �h�?�2 �`�2�b�m�H�i�b �#�2�H�Q�r �b�?�Q�r �i�?���i �}�t�B�M�;! �i�Q �b�Q�K�2 ���`�#�B�i�`���`�v

�b�K���H�H �M�m�K�#�2�` �/�m�`�B�M�; �2�b�i�B�K���i�B�Q�M �K���v �b�Q�K�2�i�B�K�2�b �B�K�T�`�Q�p�2 �i�?�2 �b�i���#�B�H�B�i�v �Q�7 �i�?�2 �2�b�i�B�K���i�Q�` �B�M

�}�M�B�i�2 �b���K�T�H�2�b�X �h�?�B�b �B�b �B�M �H�B�M�2 �r�B�i�? �i�?�2 �}�H�H�@�B�M ���b�v�K�T�i�Q�i�B�+�b �`�2�b�m�H�i�b �7�Q�` �b�+�Q�`�2�@�/�`�B�p�2�M �K�Q�/�2�H�b

�B�M�"�2�m�i�M�2�` �2�i ���H�X�U�k�y�k�9�V ���M�/ �2���`�H�B�2�` �`�2�b�m�H�i�b �7�Q�` �:���_�*�> �}�H�i�2�`�b �B�M�L�2�H�b�Q�M ���M�/ �6�Q�b�i�2�`�U�R�N�N�9�-

�R�N�N�8�V�- �r�?�B�+�? ���H�H �b�?�Q�r �i�?���if i �+���M �b�i�B�H�H �#�2�}�H�i�2� �̀2�/�+�Q�M�b�B�b�i�2�M�i�H�v �2�p�2�M �i�?�Q�m�;�? �i�?�2 �}�H�i�2�` �B�i�b�2�H�7

�U�B�M�+�H�m�/�B�M�; �i�?�2 �p���H�m�2 �Q�7! �V �K���v �#�2 �/�v�M���K�B�+���H�H�v �K�B�b�@�b�T�2�+�B�}�2�/�X �q�2 �+�Q�M�b�B�/�2�` �7�Q�m�` �/�B�z�2�`�2�M�i

�b���K�T�H�2 �b�B�x�2�b�,T 2 f 5000; 10000; 25000; 50000g ���M�/� = 10% �Q�#�b�2�`�p���i�B�Q�M�b �+�Q�K�B�M�; �7�`�Q�K �i�?�2

�i���B�H�X �h�Q�;�2�i�?�2�` �r�B�i�? �i�?�2 �i�r�Q �/�B�z�2�`�2�M�i �b�T�2�+�B�}�+���i�B�Q�M�b �U�r�B�i�?! �2�b�i�B�K���i�2�/ �Q�` �}�t�2�/�V�- �i�?�B�b �v�B�2�H�/�b ��

�i�Q�i���H �Q�73 � 4 � 2 = 24 �b�B�K�m�H���i�B�Q�M �2�t�T�2�`�B�K�2�M�i�b�X �1���+�? �2�t�T�2�`�B�K�2�M�i �B�b �`�2�T�2���i�2�/S = 100 �i�B�K�2�b�X

�9�X�k�a�B�K�m�H���i�B�Q�M �`�2�b�m�H�i�b

�6�B�;�m�`�2�k �T�`�2�b�2�M�i�b �i�?�2 �`�2�b�m�H�i�b �7�Q�` �i�?�2 �}�`�b�i �i�r�Q �b�2�i�b �Q�7 �2�t�T�2�`�B�K�2�M�i�b�X �q�2 �+�H�2���`�H�v �b�2�2 �i�?���i �i�?�2

�b���K�T�H�2 �b�B�x�2 �K���i�i�2�`�b �7�Q�` �i�?�2 �`�2�b�m�H�i�b�X �A�7 �i�?�2 �b���K�T�H�2 �b�B�x�2 �B�b �i�Q�Q �b�K���H�H �U� = 10% �Q�7T = 5000�V�-

�i�?�2 �T���`���K�2�i�2�`�̂ �B�b �`�2�;�m�H���`�H�v �2�b�i�B�K���i�2�/ �Q�M �i�?�2 �2�/�;�2 �Q�7 �i�?�2 �T���`���K�2�i�2�` �b�T���+�2�- �B�X�2�X�- ���i �x�2�`�Q�- �B�7�

���M�/! ���`�2 �2�b�i�B�K���i�2�/ �D�Q�B�M�i�H�v�X ���b �i�?�2 �K�Q�/�2�H �?���b �B�M�i�2�;�`���i�2�/ �/�v�M���K�B�+�b�- �� �M�Q�M�@�x�2�`�Q! �+�Q�K�#�B�M�2�/

�r�B�i�? ���M� �Q�7 �x�2�`�Q �`�2�b�m�H�i�b �B�M �� �i�`�2�M�/�B�M�; �T���i�i�2�`�M �7�Q�` �i�?�2 �i���B�H �b�?���T�2 �T���`���K�2�i�2�`f i �X �A�7 �i�?�2 �M�m�K�#�2�`

�Q�7 �Q�#�b�2�`�p���i�B�Q�M�b �B�b �i�Q�Q �b�K���H�H�- �B�i �B�b ���T�T���`�2�M�i�H�v �/�B�{�+�m�H�i �7�Q�` �i�?�2 �K�Q�/�2�H �i�Q �/�B�b�i�B�M�;�m�B�b�? �#�2�i�r�2�2�M ��

�k�y



�6�B�;�m�`�2 �k�, �a�B�K�m�H���i�B�Q�M �`�2�b�m�H�i�b �7�Q�` �b�+�2�M���`�B�Q�b �R ���M�/ �k

�E�2�`�M�2�H �/�2�M�b�B�i�v �2�b�i�B�K���i�2�b �Q�7 �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �i�?�2 �J�G�1 �7�Q�` �b�+�2�M���`�B�Q�b �R ���M�/ �k�X �A�M �b�+�2�M���`�B�Q �R�- �i�?�2 �i�`�m�2
�i�?�`�2�b�?�Q�H�/�b� t ���`�2 �m�b�2�/�- �/�2�M�Q�i�2�/ �#�v� t �B�M �i�?�2 �b�m�#�}�;�m�`�2 �?�2���/�B�M�;�X �A�M �b�+�2�M���`�B�Q �k �i�?�2 �2�b�i�B�K���i�2�/ �i�?�`�2�b�?�Q�H�/�b
���`�2 �m�b�2�/�- �/�2�M�Q�i�2�/ ���b�̂ t ���M�/ �#���b�2�/ �Q�M�S���i�i�Q�M �2�i ���H�X�U�k�y�R�N�V�X �q�2 �T�`�2�b�2�M�i �`�2�b�m�H�i�b �7�Q�` �2�b�i�B�K���i�2�/!̂ ���b
�r�2�H�H ���b �7�Q�`!̂ �}�t�2�/ ���i�! = 10 � 7�X �h�?�2 �S�P�h�b �?���p�2 �� �:�S�. �/�B�b�i�`�B�#�m�i�B�Q�M �r�B�i�? �i�?�2 �+�Q�`�`�2�+�i�H�v �b�T�2�+�B�}�2�/
�i���B�H �b�?���T�2 �/�v�M���K�B�+�b �m�b�B�M�; �i�?�2 �K�Q�/�2�H �7�`�Q�K �a�2�+�i�B�Q�M�k�X �E�2�`�M�2�H �/�2�M�b�B�i�v �2�b�i�B�K���i�2�b ���`�2 �T�`�Q�p�B�/�2�/ �7�Q�`�̂
���M�/ �7�Q�` �B�i�bt�@�b�i���i�B�b�i�B�+ �m�b�B�M�;S = 100 �b�B�K�m�H���i�B�Q�M�b�X

�U���V̂� �Û! �7�`�2�2�-� t �V �U�#�V̂� �Û! = �! �-� t �V �U�+�V�̂ �Û! �7�`�2�2�-�̂ t �V �U�/�V̂� �Û! = �! �-�̂ t �V

�U�2�Vt �̂ �Û! �7�`�2�2�-� t �V �U�7�Vt �̂ �Û! = �! �-� t �V �U�;�Vt �̂ �Û! �7�`�2�2�-�̂ t �V �U�?�Vt �̂ �Û! = �! �-�̂ t �V

�i�`�2�M�/�B�M�;f i ���M�/ ���M �B�M�i�2�;�`���i�2�/ �`���M�/�Q�Kf i �X �h�?�2 �2�z�2�+�i �B�b �Q�#�p�B�Q�m�b�H�v �B�M�?�2�`�B�i�2�/ �#�v �i�?�2t�@�b�i���i�B�b�i�B�+

�Q�7̂� �- ���b �b�2�2�M �B�M �i�?�2 �H�Q�r�2�` �T���M�2�H�X ���b �i�?�2 �b���K�T�H�2 �b�B�x�2 �;�`�Q�r�b�- �i�?�2 ���/�/�B�i�B�Q�M���H �T�2���F ���i �y �b�?�`�B�M�F�b

���M�/ �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7�̂ ���M�/ �Q�7 �B�i�bt�@�b�i���i�B�b�i�B�+ �#�2�+�Q�K�2�b �K�Q�`�2 ���M�/ �K�Q�`�2 �M�Q�`�K���H�X

�q�2�# ���T�T�2�M�/�B�t�. �ö�b �F�2�`�M�2�H �/�2�M�b�B�i�v �T�H�Q�i�b �7�Q�`!̂ �U�6�B�;�m�`�2�.�X�R�V �b�?�Q�r �i�?���i �B�i �B�b �/�B�{�+�m�H�i �i�Q

�2�b�i�B�K���i�2 �i�?�2 �U�b�K���H�H�V �p���H�m�2 �Q�7! �`�2�H�B���#�H�v ���M�/ �i�?���i �i�?�2 �H�B�F�2�H�B�?�Q�Q�/ �+���M �?���p�2 �K�m�H�i�B�T�H�2 �K�Q�/�2�b�-

�r�B�i�?�Q�m�i ���z�2�+�i�B�M�; �i�?�2 �2�b�i�B�K���i�2�̂ �Q�` �B�i�b �/�B�b�T�2�`�b�B�Q�M �K�m�+�?�X ���H�i�?�Q�m�;�? �i�?�B�b �#�B�K�Q�/���H�B�i�v �/�B�b���T�T�2���`�b

�B�M �i�?�2 �H�B�K�B�i ���M�/ �7�Q�` �p�2�`�v �H���`�;�2 �b���K�T�H�2�b�- �r�2 �i�?�2�`�2�7�Q�`�2 ���H�b�Q �2�b�i�B�K���i�2 �� �p�2�`�b�B�Q�M �Q�7 �i�?�2 �K�Q�/�2�H

�r�?�2�`�2 �r�2 �}�t!̂ �/�m�`�B�M�; �i�?�2 �2�b�i�B�K���i�B�Q�M ���i ���M ���`�#�B�i�`���`�v �b�K���H�H �p���H�m�2 �Q�7�! = 10� 7 �U�b�2�+�Q�M�/ �+�Q�H�m�K�M

�Q�7 �}�;�m�`�2�b �+�Q�K�T���`�2�/ �i�Q �i�?�2 �}�`�b�i �+�Q�H�m�K�M�V�X �h�?�2 �`�2�b�m�H�i�b ���T�T�2���` �p�2�`�v �b�B�K�B�H���` �i�Q �i�?�2 �b�2�i�i�B�M�; �r�B�i�?

�2�b�i�B�K���i�2�/! �U�}�`�b�i �+�Q�H�m�K�M �Q�7 �}�;�m�`�2�b�V�X �6�Q�` �b�K���H�H�2�` �b���K�T�H�2�b�- �i�?�2 �2�b�i�B�K���i�Q�` �Q�7� �2�p�2�M ���T�T�2���`�b

�i�Q �#�2�?���p�2 �B�M �� �K�Q�`�2 �b�i���#�H�2 �r���v�- �+�Q�H�H���T�b�B�M�; �i�Q �i�?�2 �2�/�;�2 �Q�7 �i�?�2 �T���`���K�2�i�2�` �b�T���+�2 �H�2�b�b �Q�7�i�2�M

�+�Q�K�T���`�2�/ �i�Q �i�?�2 �b�2�i�i�B�M�; �r�B�i�?! �2�b�i�B�K���i�2�/ �7�`�2�2�H�v�X �h�?�B�b �b�m�;�;�2�b�i�b �i�?���i�- �7�Q�` �T�`���+�i�B�+���H �T�m�`�T�Q�b�2�b�-

�k�R



! �K���v �#�2 �b�2�i �i�Q �b�Q�K�2 ���`�#�B�i�`���`�v �b�K���H�H �T�Q�b�B�i�B�p�2 �M�m�K�#�2�`�! �/�m�`�B�M�; �2�b�i�B�K���i�B�Q�M �r�B�i�?�Q�m�i �K�m�+�?

�Q�7 ���M �2�z�2�+�i �Q�M �i�?�2 �2�b�i�B�K���i�2�/� �X �h�?�B�b �B�b �+�Q�M�p�2�M�B�2�M�i�- ���b �B�i �7�m�`�i�?�2�` �b�B�K�T�H�B�}�2�b �i�?�2 �2�b�i�B�K���i�B�Q�M

�T�`�Q�#�H�2�K �i�Q �i�?���i �Q�7 �2�b�i�B�K���i�B�M�; �� �b�B�M�;�H�2 �T���`���K�2�i�2�`� �- ���F�B�M �i�Q �2�b�i�B�K���i�B�M�; �� �b�B�M�;�H�2 �b�K�Q�Q�i�?�B�M�;

�T���`���K�2�i�2�` �B�M �� �_�B�b�F�J�2�i�`�B�+�b �K�Q�/�2�H �7�Q�` �i�B�K�2�@�p���`�v�B�M�; �p�Q�H���i�B�H�B�i�v�X �q�2 ���H�b�Q �2�t�T�2�`�B�K�2�M�i�2�/ �r�B�i�?

�b�2�i�i�B�M�;!̂ = 0 �/�m�`�B�M�; �2�b�i�B�K���i�B�Q�M�- ���H�i�?�Q�m�;�? �i�?�2�`�2 �B�b �v�2�i �M�Q �i�?�2�Q�`�2�i�B�+���H �;�`�Q�m�M�/ �7�Q�` �/�Q�B�M�; �b�Q�-

�;�B�p�2�M �i�?���i �i�?�2 �T���`���K�2�i�2�` �b�T���+�2 �`�2�[�m�B�`�2�b! > 0�X �h�?�2 �b�B�K�m�H���i�B�Q�M �`�2�b�m�H�i�b ���`�2 �p�2�`�v �b�B�K�B�H���` �i�Q

�i�?�Q�b�2 �Q�#�i���B�M�2�/ �7�Q�`! �}�t�2�/ ���i �b�Q�K�2 ���`�#�B�i�`���`�v �p�2�`�v �b�K���H�H �T�Q�b�B�i�B�p�2 �M�m�K�#�2�`�! �X

�*�Q�K�T���`�B�M�; �i�?�2 �}�`�b�i �p�2�`�b�m�b �i�?�2 �i�?�B�`�/ �+�Q�H�m�K�M �Q�7 �;�`���T�?�b�- �Q�` �i�?�2 �b�2�+�Q�M�/ �p�2�`�b�m�b �i�?�2 �7�Q�m�`�i�?�-

�r�2 �b�2�2 �i�?���i �i�?�2 �2�z�2�+�i �Q�7 �m�b�B�M�; �2�b�i�B�K���i�2�/ �i�?�`�2�b�?�Q�H�/�b�̂ t �`���i�?�2�` �i�?���M �i�`�m�2 �i�?�`�2�b�?�Q�H�/�b� t �Q�M�H�v �?���b

�� �K�B�H�/ �2�z�2�+�i �Q�M �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7�̂ �X �6�Q�` �b�K���H�H �b���K�T�H�2 �b�B�x�2�b�- �r�2 ���;���B�M �b�Q�K�2�r�?���i �b�2�2 �i�?�2

�2�z�2�+�i �Q�7�̂ �+�Q�H�H���T�b�B�M�; �i�Q �i�?�2 �2�/�;�2 �Q�7 �i�?�2 �T���`���K�2�i�2�` �b�T���+�2�- �r�?�B�+�? �[�m�B�+�F�H�v �/�B�b���T�T�2���`�b ���b �i�?�2

�b���K�T�H�2 �b�B�x�2 �B�M�+�`�2���b�2�b�X �A�7!̂ �B�b �}�t�2�/ ���i�! = 10� 7 �`���i�?�2�` �i�?���M �2�b�i�B�K���i�2�/�- �r�2 ���;���B�M �b�2�2 �i�?���i �i�?�2

�#�2�?���p�B�Q�` �Q�7�̂ �B�b �K�Q�`�2 �b�i���#�H�2 �B�M �b�K���H�H �b���K�T�H�2�b�- �r�B�i�?�Q�m�i �b�2�`�B�Q�m�b�H�v ���z�2�+�i�B�M�; �B�i�b �#�2�?���p�B�Q�` �B�M �H���`�;�2

�b���K�T�H�2�b�X �6�B�t�B�M�;!̂ ���i �b�Q�K�2 �b�K���H�H �M�m�K�#�2�`�! �K���v �i�?�m�b �#�2 �T�`�2�7�2�`���#�H�2 �7�`�Q�K �� �b�i���#�B�H�B�i�v �T�Q�B�M�i �Q�7

�p�B�2�r�- �T���`�i�B�+�m�H���`�H�v �B�7 �i�?�2 �b���K�T�H�2 �B�b �M�Q�i �Q�p�2�`�H�v �H���`�;�2�X

�q�2�# ���T�T�2�M�/�B�t�. �ö�b �6�B�;�m�`�2�.�X�j�T�`�2�b�2�M�i�b �i�?�2 �`�2�b�m�H�i�b �7�Q�` �b�+�2�M���`�B�Q �j �B�M �r�?�B�+�? �i�?�2 �/�v�M���K�B�+�b

�7�Q�` �i�?�2 �i���B�H �b�?���T�2 ���`�2 �7�m�H�H�v �K�B�b�@�b�T�2�+�B�}�2�/ �B�M �i�?�2 �K�Q�/�2�H �+�Q�K�T���`�2�/ �i�Q �i�?�2 �.�:�S�X �h�?�2 �`�2�b�m�H�i�b

���`�2 �+�Q�M�b�B�b�i�2�M�i �r�B�i�? �i�?�2 �T�`�2�p�B�Q�m�b �}�M�/�B�M�;�b�X �6�Q�` �b�K���H�H �b���K�T�H�2 �b�B�x�2�b�- �i�?�2 �K�Q�/�2�H �b�Q�K�2�i�B�K�2�b �?���b

�/�B�{�+�m�H�i�v �B�M �}�M�/�B�M�; �� �M�Q�M�@�x�2�`�Q�̂ �B�7̂� �B�b �2�b�i�B�K���i�2�/ �D�Q�B�M�i�H�v �r�B�i�?!̂ �- �i�?�Q�m�;�? �H�2�b�b �/�`���b�i�B�+ �i�?���M �B�M

�6�B�;�m�`�2�k�X �6�Q�` �H���`�;�2�` �b���K�T�H�2 �b�B�x�2�b�- �i�?�2 �T�`�Q�#�H�2�K �/�B�b���T�T�2���`�b�X �h�?�2 �#�Q�i�i�Q�K �T���M�2�H�b �B�M �6�B�;�m�`�2�.�X�j

�;�B�p�2 �i�?�2 �}�i �Q�7 �i�?�2 �}�H�i�2�` �i�Q �i�?�2 �i�`�m�2 �i�B�K�2�@�p���`�v�B�M�; �i���B�H �b�?���T�2 �T���`���K�2�i�2�`f i (� 0) ���M�/ �b�?�Q�r �i�?���i �i�?�2

�K�Q�/�2�H �}�i�b �i�?�2 �i�`�m�2�- �m�M�Q�#�b�2�`�p�2�/ �T�`�Q�+�2�b�bf i (� 0) �[�m�B�i�2 �r�2�H�H�- �/�2�b�T�B�i�2 �K�B�b�@�b�T�2�+�B�}�+���i�B�Q�M�X �L�Q�i�2 �i�?���i

�i�?�2 �}�H�i�2�`�2�/ �T���`���K�2�i�2�`f̂ i (�̂ ) �/�B�z�2�`�b �B�M ���i �H�2���b�i �i�?�`�2�2 �r���v�b �7�`�Q�K �i�?�2 �i�`�m�2 �T���`���K�2�i�2�` �/�v�M���K�B�+�b�,

�B�i �m�b�2�b �i�?�2 �2�b�i�B�K���i�2�/�̂ �- �B�i �B�b �B�M�B�i�B���H�B�x�2�/�- ���M�/�- �K�Q�b�i �B�K�T�Q�`�i���M�i�H�v�- �B�i �m�b�2�b �i�?�2 �B�M�+�Q�`�`�2�+�i �b�+�Q�`�2�@

�/�`�B�p�2�M �/�v�M���K�B�+�b �7�Q�` �� �.�:�S �i�?���i �B�b ���+�i�m���H�H�v �� �T�m�`�2 ���m�i�Q�`�2�;�`�2�b�b�B�Q�M �7�Q�`log(f i (� 0)) �X �.�2�b�T�B�i�2

�i�?�B�b �b�2�p�2�`�2 �K�B�b�@�b�T�2�+�B�}�+���i�B�Q�M�- �i�?�2 �}�H�i�2�` �b�i�B�H�H �i�`���+�F�b �i�?�2 �b���H�B�2�M�i �/�v�M���K�B�+�b �Q�7 �i�?�2 �i�`�m�2f i (� 0)�X �h�?�2

�`�2�b�m�H�i�b ���`�2 �b�B�K�B�H���` �7�Q�` �i�?�2 �Q�i�?�2�` �b���K�T�H�2 �b�B�x�2�b�X

�k�k



�h�?�2 �b�B�K�m�H���i�B�Q�M �2�t�T�2�`�B�K�2�M�i�b �i�?�m�b �H�2���/ �i�Q �i�r�Q �K���B�M �b�m�;�;�2�b�i�B�Q�M�b�X �6�B�`�b�i�- �i�?�2 ���b�v�K�T�i�Q�i�B�+

�/�B�b�i�`�B�#�m�i�B�Q�M���H �`�2�b�m�H�i�b �b�2�2�K �i�Q �?�Q�H�/ �m�T �B�M �}�M�B�i�2 �b���K�T�H�2�b�- ���M�/ �i�?�2 �}�H�i�2�`�2�/ �i���B�H �b�?���T�2 �T���`���K�2�i�2�`

�i�`���+�F�b �i�?�2 �i�`�m�2 �i���B�H �b�?���T�2 �/�v�M���K�B�+�b �[�m�B�i�2 �r�2�H�H�- �r�?�2�i�?�2�` �i�?�2 �K�Q�/�2�H �B�b �+�Q�`�`�2�+�i�H�v �b�T�2�+�B�}�2�/ �Q�`

�M�Q�i�X �a�2�+�Q�M�/�- �}�t�B�M�;! �i�Q �b�Q�K�2 �b�K���H�H �M�m�K�#�2�` �/�m�`�B�M�; �2�b�i�B�K���i�B�Q�M �K���v �b�B�K�T�H�B�7�v �i�?�2 �K�Q�/�2�H ���M�/

�2�b�i�B�K���i�B�Q�M �T�`�Q�#�H�2�K �2�p�2�M �7�m�`�i�?�2�` �r�B�i�?�Q�m�i �p�B�b�B�#�H�v ���z�2�+�i�B�M�; �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M���H �`�2�b�m�H�i�b �7�Q�`�̂ �B�M

�H���`�;�2 �b���K�T�H�2�b ���M�/ �b�i���#�B�H�B�x�B�M�; �i�?�2�K �B�M �b�K���H�H �b���K�T�H�2�b�- �T�Q�b�b�B�#�H�v ���i �i�?�2 �+�Q�b�i �Q�7 �� �b�H�B�;�?�i �#�B���b �B�M�̂ �X

�8 �1�K�T�B�`�B�+���H �B�H�H�m�b�i�`���i�B�Q�M

�8�X�R�A�M�@�b���K�T�H�2 ���M���H�v�b�B�b

�q�2 �Q�#�i���B�M �?�Q�m�`�H�v �T�`�B�+�2�b �7�Q�` �"�B�i�+�Q�B�M �U�"�h�*�V ���M�/ �1�i�?�2�` �U�1�h�>�V �B�M �l�a�. �7�`�Q�K �"�B�M�}�M�2�t �p�B��

�*�`�v�T�i�Q�/���i���/�Q�r�M�H�Q���/�X�+�Q�K�X �h�?�2 �b�2�`�B�2�b �`���M�;�2 �7�`�Q�K �J���v �R�8�- �k�y�R�3 �i�Q ���m�;�m�b�i �j�R�- �k�y�k�8�- �v�B�2�H�/�B�M�;

�e�j�-�y�y�y�Y �Q�#�b�2�`�p���i�B�Q�M�b�X �q�2 �`�2�K�Q�p�2 �/���v�b �7�Q�` �r�?�B�+�? �r�2 �/�Q �M�Q�i �Q�#�b�2�`�p�2 ���H�H �i�`���/�B�M�; �?�Q�m�`�b ���M�/

�i�?�2�M �i�`���M�b�7�Q�`�K �T�`�B�+�2�b �B�M�i�Q�M�2�;���i�B�p�2�H�Q�;�@�`�2�i�m�`�M�bX t = � 100� (ln ~st � ln ~st � 1) �i�Q �+�Q�M�+�2�M�i�`���i�2

�Q�M �i�?�2 �Q�`�B�;�B�M���H �b�2�`�B�2�b�ö �H�2�7�i �i���B�H�- �r�?�2�`�2~st �B�b �i�?�2 �T�`�B�+�2 �Q�7 �2�B�i�?�2�` �"�h�* �Q�` �1�h�> �B�M �l�a�.�X �h�?�2 �H�2�7�i

�i���B�H �B�b �i�?�2 �2�+�Q�M�Q�K�B�+���H�H�v �`�2�H�2�p���M�i �i���B�H �7�Q�` �� �l�X�a�X �B�M�p�2�b�i�Q�` �?�Q�H�/�B�M�; �+�`�v�T�i�Q�+�m�`�`�2�M�+�B�2�b�X �q�2 �K�Q�/�2�H

�i�?�2 �i�B�K�2�@�p���`�v�B�M�; �i�?�`�2�b�?�Q�H�/�b� t �m�b�B�M�;�S���i�i�Q�M �2�i ���H�X�U�k�y�R�N�- �1�[�X �U�R�e�V�V�- �`�2�r�`�B�i�i�2�M �i�Q ���T�T�H�v �i�Q �i�?�2
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�r�B�i�? �� �i���B�H �T�`�Q�#���#�B�H�B�i�v� �i�?���i �r�2 �p���`�v ���+�`�Q�b�b �R�y�W�- �8�W�- ���M�/ �k�X�8�W�- �r�?�2�`�2� t ���M�/et �/�2�M�Q�i�2 �i�?�2

(1 � � )% �o���_ ���M�/ �1�a�- �`�2�b�T�2�+�i�B�p�2�H�v�X �q�2 �B�M�B�i�B���H�B�x�2 �i�?�2 �/�v�M���K�B�+ �i���B�H �b�?���T�2 �T���`���K�2�i�2�`f i �#�v �B�i�b

�b�i���i�B�+ �K���t�B�K�m�K �H�B�F�2�H�B�?�Q�Q�/ �2�b�i�B�K���i�2f̂ 1 �#���b�2�/ �Q�M �i�?�2 �}�`�b�i �8�y �S�P�h�b ���M�/ �2�b�i�B�K���i�2� = ( !; � )0

�#�v �i�?�2 �K���t�B�K�m�K �H�B�F�2�H�B�?�Q�Q�/ �2�b�i�B�K���i�Q�` �;�B�p�2�M �B�M �U�j�V�X

�k�j



�h���#�H�2 �R�, �S���`���K�2�i�2�` �2�b�i�B�K���i�2�b

�S���`���K�2�i�2�` �2�b�i�B�K���i�2�b �7�Q�` �i�?�2 �/�v�M���K�B�+ �1�o�h �K�Q�/�2�H�X �h�?�2 �2�b�i�B�K���i�B�Q�M �b���K�T�H�2 �Q�7 �M�2�;���i�B�p�2 �?�Q�m�`�H�v �+�`�v�T�i�Q�+�m�`�`�2�M�+�v
�H�Q�;�@�`�2�i�m�`�M�b �`���M�;�2�b �7�`�Q�K �J���v �R�8�- �k�y�R�3 �i�Q ���m�;�m�b�i �j�R�- �k�y�k�8�X �a���M�/�r�B�+�? �b�i���M�/���`�/ �2�`�`�Q�`�b ���`�2 �B�M �T���`�2�M�i�?�2�b�2�b�X
�.�v�M���K�B�+ �i�?�`�2�b�?�Q�H�/�b� t ���`�2 �2�b�i�B�K���i�2�/ �m�b�B�M�;�S���i�i�Q�M �2�i ���H�X�U�k�y�R�N�V �r�B�i�? �� �i���B�H �T�`�Q�#���#�B�H�B�i�v �Q�7� �- �`�2�b�m�H�i�B�M�; �B�MnT

�S�P�h�b �i�Q �2�b�i�B�K���i�2 �i�?�2 �/�v�M���K�B�+ �1�o�h �K�Q�/�2�H�X �h�?�2 �i���B�H �T�`�Q�#���#�B�H�B�i�v �B�b �+�?�Q�b�2�M ���b
 = �= 10�X

� = 10% � = 5% � = 2:5%

� ! � 104 nT � ! � 104 nT � ! � 104 nT

�"�h�*�f�l�a�. �y�X�y�y�j�9 �y�X�y�y�k�k �e�N�R�N �y�X�y�y�8�j �y�X�y�y�y�d �j�9�e�k �y�X�y�R�R�9 �y�X�y�R�y�e �R�e�3�N

�U�y�X�y�y�R�R�V �U�y�X�y�y�j�y�V�U�y�X�y�y�R�d�V �U�y�X�y�y�y�d�V�U�y�X�y�y�j�e�V �U�y�X�y�9�d�8�V

�1�h�>�f�l�a�. �y�X�y�y�R�9 �y�X�y�y�y�3 �e�j�N�R �y�X�y�y�d�d �y�X�y�R�3�R �j�k�N�3 �y�X�y�R�j�y �y�X�y�d�d�e �R�e�9�3

�U�y�X�y�k�3�3�V �U�y�X�y�k�k�8�V�U�y�X�y�y�j�j�V �U�y�X�y�9�9�e�V�U�y�X�y�y�8�y�V �U�y�X�R�R�8�3�V

�h���#�H�2�R�T�`�2�b�2�M�i�b �i�?�2 �`�2�b�m�H�i�b�X �h�?�2 �2�b�i�B�K���i�2�b �Q�7� ���`�2 ���H�H �b�K���H�H ���M�/ �T�Q�b�B�i�B�p�2�X�R �h�?�2 �p���H�m�2�b

�B�M�+�`�2���b�2 �B�7 �r�2 �K�Q�p�2 �7���`�i�?�2�` �Q�m�i �B�M�i�Q �i�?�2 �i���B�H �#�v �/�2�+�`�2���b�B�M�; �i�?�2 �i���B�H �T�`�Q�#���#�B�H�B�i�v� �i�?���i �B�b �m�b�2�/ �i�Q

�B�/�2�M�i�B�7�v �i�?�2 �/�v�M���K�B�+ �i�?�`�2�b�?�Q�H�/�b� t �X �h�?�B�b �B�b �M�Q�i �b�m�`�T�`�B�b�B�M�;�X �� �H���`�;�2�`� �B�M�/�B�+���i�2�b �i�?���if i �`�2���+�i�b

�K�Q�`�2 �b�i�`�Q�M�;�H�v �i�Q �M�2�r �B�M�7�Q�`�K���i�B�Q�M �m�b�B�M�; �i�?�2 �b�+�Q�`�2 �i�`���M�b�B�i�B�Q�M �2�[�m���i�B�Q�M �U�k�V�X �6�Q�` �� �b�K���H�H�2�`� �- �i�?�2

�M�2�r �B�M�7�Q�`�K���i�B�Q�M ���`�`�B�p�2�b �K�Q�`�2 �b�T�Q�`���/�B�+���H�H�v�- ���M�/ �� �b�i�`�Q�M�;�2�` �`�2���+�i�B�Q�M �B�b �r���`�`���M�i�2�/ �r�?�2�M �b�m�+�?

�i���B�H �B�M�7�Q�`�K���i�B�Q�M �}�M���H�H�v �+�Q�K�2�b �B�M�X �a�K���H�H�2�`� �b ���H�b�Q ���m�i�Q�K���i�B�+���H�H�v �`�2�/�m�+�2 �i�?�2 �M�m�K�#�2�` �Q�7 �S�P�h�b

�UnT �V ���p���B�H���#�H�2 �i�Q �2�b�i�B�K���i�2 �i�?�2 �K�Q�/�2�H�ö�b �b�i���i�B�+ �T���`���K�2�i�2�`�b� ���M�/! �- �i�?�m�b �B�M�+�`�2���b�B�M�; �b�i���M�/���`�/

�2�`�`�Q�`�b�X �6�B�M���H�H�v�- �r�2 �M�Q�i�2 �i�?���i �i�?�2 �2�b�i�B�K���i�2�b �Q�7! ���`�2 �p�2�`�v �+�H�Q�b�2 �i�Q �x�2�`�Q�- �;�B�p�2�M �i�?���i �i�?�2�v ���`�2

�K�m�H�i�B�T�H�B�2�/ �#�v104 �B�M �h���#�H�2�R�X �A�M �7���+�i�- �b�2�i�i�B�M�;! �i�Q ���M ���`�#�B�i�`���`�v �p�2�`�v �b�K���H�H �M�m�K�#�2�` �Q�` �2�p�2�M �i�Q

�x�2�`�Q �/�m�`�B�M�; �i�?�2 �2�b�i�B�K���i�B�Q�M �?���`�/�H�v �+�?���M�;�2�b �i�?�2 �`�2�b�m�H�i�b�- �B�M �H�B�M�2 �r�B�i�? �Q�m�` �2���`�H�B�2�` �`�2�K���`�F�b ���M�/

�i�?�2 �b�B�K�m�H���i�B�Q�M �`�2�b�m�H�i�b �Q�7 �a�2�+�i�B�Q�M�9�X

�6�B�;�m�`�2�j �;�B�p�2�b �� �;�`���T�?�B�+���H �T�`�2�b�2�M�i���i�B�Q�M �Q�7 �i�?�2 �B�M�@�b���K�T�H�2 �2�b�i�B�K���i�B�Q�M �`�2�b�m�H�i�b�X �6�B�;�m�`�2�j��

���M�/�j�# �T�`�2�b�2�M�i �i�?�2 �}�H�i�2�`�2�/ �2�b�i�B�K���i�2�b �Q�7~f t ���H�Q�M�; �r�B�i�? �B�i�b ���b�v�K�K�2�i�`�B�+ �B�M�i�2�`�[�m���`�i�B�H�2 �`���M�;�2

�+�Q�M�}�/�2�M�+�2 �#���M�/�b�X �h�?�2 �i���B�H �b�?���T�2 �T���`���K�2�i�2�` �p���`�B�2�b �#�2�i�r�2�2�M ���T�T�`�Q�t�B�K���i�2�H�v �y�X�9���y�X�e �7�Q�` �"�h�*

���M�/ �y�X�j�8���y�X�8�y �7�Q�` �1�h�>�X �h�?�B�b �B�K�T�H�B�2�b �i�?���i �i�?�2 �2�t�B�b�i�2�M�+�2 �Q�7 �� �b�2�+�Q�M�/ �Q�` �i�?�B�`�/ �K�Q�K�2�M�i �B�b

���H�`�2���/�v �T�`�Q�#�H�2�K���i�B�+ �7�Q�` �"�h�* ���M�/ �1�h�>�- ���H�i�?�Q�m�;�? �M�Q�i ���H�r���v�b�X �h�?�2 �+�Q�M�}�/�2�M�+�2 �#���M�/�b ���`�Q�m�M�/

f t �b�m�;�;�2�b�i �i�?���i �i�?�2 �i���B�H �b�?���T�2 �T���`���K�2�i�2�` �B�b �`�2���b�Q�M���#�H�v �T�`�2�+�B�b�2�H�v �2�b�i�B�K���i�2�/ ���M�/ �i�?���i �B�i �B�b �7���`

�R�L�Q�i�2 �i�?���i �r�2 �+���M�M�Q�i �b�B�K�T�H�v �i�2�b�i �r�?�2�i�?�2�`� �B�b �2�[�m���H �i�Q �x�2�`�Q ���b� = 0 �B�b �Q�M �i�?�2 �#�Q�m�M�/���`�v �Q�7 �i�?�2 �T���`���K�2�i�2�`
�b�T���+�2 ���M�/! ���M�/� ���`�2 �M�Q�i �D�Q�B�M�i�H�v �B�/�2�M�i�B�}�2�/ �B�7� = 0 �c �b�2�2 ���H�b�Q�G�B�M ���M�/ �G�m�+���b�U�k�y�k�8�V�X
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�6�B�;�m�`�2 �j�, �*�`�v�T�i�Q�+�m�`�`�2�M�+�v �H�Q�;�@�`�2�i�m�`�M�b�- �i���B�H �b�?���T�2�- ���M�/ �2�t�i�`�2�K�2 �`�B�b�F�b

�h�Q�T �T���M�2�H�b�, �}�H�i�2�`�2�/ �i���B�H �b�?���T�2 �T���`���K�2�i�2�`~̂f t �r�B�i�? ���b�v�K�K�2�i�`�B�+ �B�M�i�2�`�[�m���`�i�B�H�2 �`���M�;�2 �+�Q�M�}�/�2�M�+�2 �#���M�/�X
�J�B�/�/�H�2 �T���M�2�H�b�, �"�B�i�+�Q�B�M�f�l�a�. �U�H�2�7�i�V ���M�/ �1�i�?�2�`�f�l�a�. �U�`�B�;�?�i�V �?�Q�m�`�H�v �H�Q�;�@�`�2�i�m�`�M�b �U� �R�y�y�V�X �h�?�`�2�b�?�Q�H�/�b
� t ���`�2 �`�2�T�Q�`�i�2�/ ���i �� �N�8�W �+�Q�M�}�/�2�M�+�2 �H�2�p�2�H�X �o���_ ���M�/ �1�a ���`�2 �T�H�Q�i�i�2�/ ���i ���M �2�t�i�`�2�K�2 �N�N�X�8�W �+�Q�M�}�/�2�M�+�2
�H�2�p�2�H�X �h�?�2 �i�?�`�2�b�?�Q�H�/�b� t �- �o���_�- ���M�/ �1�a �Q�` ���H�H �7�Q�` �i�?�2 �H�2�7�i �i���B�H �Q�7 �i�?�2 �H�Q�;�@�`�2�i�m�`�M�b�X �"�Q�i�i�Q�K �T���M�2�H�b�,
�w�Q�Q�K�2�/�@�B�M �2�t�i�`�2�K�2 �`�B�b�F�b �r�B�i�? �F�2�v �2�p�2�M�i�b�X

�U���V �"�h�*�f�l�a�.f i �U�#�V �1�h�>�f�l�a�.f i

�U�+�V �"�h�*�f�l�a�. �U�/�V �1�h�>�f�l�a�.

�U�2�V �"�h�*�f�l�a�. �U�x�Q�Q�K�V �U�7�V �1�h�>�f�l�a�. �U�x�Q�Q�K�V

�7�`�Q�K �x�2�`�Q �U�i�?�2 �i�?�B�M�@�i���B�H�2�/ �:�m�K�#�2�H �+���b�2�V�X �h�?�2 �+�Q�M�}�/�2�M�+�2 �#���M�/�b ���`�2 ���b�v�K�K�2�i�`�B�+ �Q�r�B�M�; �i�Q

�i�?�2 �T���`���K�2�i�2�` �`�2�b�i�`�B�+�i�B�Q�M�b! > 0 ���M�/0 < � < 1�- �r�?�B�+�? �r�2 �?���p�2 �B�K�T�Q�b�2�/ �/�m�`�B�M�; �T���`���K�2�i�2�`

�2�b�i�B�K���i�B�Q�M �i�?�`�Q�m�;�? �M�Q�M�@�H�B�M�2���` �H�Q�;���`�B�i�?�K�B�+ ���M�/ �H�Q�;�B�b�i�B�+ �H�B�M�F �7�m�M�+�i�B�Q�M�b�- �`�2�b�T�2�+�i�B�p�2�H�v�X �L�Q�i�2 �i�?���i

�i�?�2 �`�2�T�Q�`�i�2�/ �+�Q�M�}�/�2�M�+�2 �#���M�/�b ���`�2 �+�Q�M�/�B�i�B�Q�M���H �Q�M �i�?�2 �2�b�i�B�K���i�2�/ �i�?�`�2�b�?�Q�H�/�b�̂ t �X

�S���M�2�H�b�j�+���j�7�T�`�2�b�2�M�i �"�h�*�ö�b ���M�/ �1�h�>�ö�b �H�Q�;�@�`�2�i�m�`�M�b ���M�/ �i�?�2 �N�8�W �+�Q�M�}�/�2�M�+�2 �H�2�p�2�H �i�?�`�2�b�?�Q�H�/�b
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� t �X �q�2 ���H�b�Q �T�H�Q�i �i�?�2 �N�N�X�8�W �o���_ ���M�/ �1�a�- �M�Q�i�B�M�; �i�?���i �o���_ ���M�/ �1�a �7�Q�` �2�p�2�M �K�Q�`�2 �2�t�i�`�2�K�2

�+�Q�M�}�/�2�M�+�2 �T�2�`�+�2�M�i���;�2�b �+�Q�m�H�/ �2���b�B�H�v �#�2 �+�Q�K�T�m�i�2�/ �p�B�� �U�8�V���U�e�V�X �h�?�2�`�2 �B�b �+�H�2���` �i�B�K�2 �p���`�B���i�B�Q�M

�B�M �2�t�i�`�2�K�2 �K���`�F�2�i �`�B�b�F�b�X �h�?�2 �#�Q�i�i�Q�K �T���M�2�H�b �B�M �6�B�;�m�`�2�j �T�`�Q�p�B�/�2 �x�Q�Q�K�2�/�@�B�M �2�b�i�B�K���i�2�b �Q�7

�2�t�i�`�2�K�2 �K���`�F�2�i �`�B�b�F�b �/�m�`�B�M�; �i�?�2 �b�Q�@�+���H�H�2�/ �ó�b�2�+�Q�M�/ �+�`�v�T�i�Q �r�B�M�i�2�`�ô �Q�7 �k�y�k�k�- �r�B�i�? �p�2�`�i�B�+���H �H�B�M�2�b

�B�M�/�B�+���i�B�M�; �i�?�`�2�2 �F�2�v �2�p�2�M�i�b�X �o���_ ���M�/ �1�a ���i �i�?�2 �N�N�X�8�W �+�Q�M�}�/�2�M�+�2 �H�2�p�2�H ���`�2 �T���`�i�B�+�m�H���`�H�v

�p�Q�H���i�B�H�2 �/�m�`�B�M�; �k�y�k�k�X �"�Q�i�? �K���`�F�2�i �`�B�b�F �K�2���b�m�`�2�b �`�2�b�T�Q�M�/ �b�i�`�Q�M�;�H�v �i�Q �i�?�2 �+�Q�H�H���T�b�2 �Q�7 �i�?�2

�h�2�`�`���f�G�m�M�� �+�`�v�T�i�Q�+�m�`�`�2�M�+�v �Q�M �J���v �R�y�- �k�y�k�k �U�}�`�b�i �p�2�`�i�B�+���H �H�B�M�2�V�- �b�2�2 �2�X�;�X�l�?�H�B�;�U�k�y�k�k�V�c �i�?�2

�+�Q�H�H���T�b�2 �Q�7 �6�h�s�- �� �K���D�Q�` �+�`�v�T�i�Q�+�m�`�`�2�M�+�v �B�M�i�2�`�K�2�/�B���`�v ���M�/ �b�?���/�Q�r �#���M�F �Q�M �C�m�M�2 �R�j�- �k�y�k�k

�U�b�2�+�Q�M�/ �p�2�`�i�B�+���H �H�B�M�2�V�c ���M�/ �i�?�2 �+�Q�H�H���T�b�2 �Q�7 �*�2�H�b�B�m�b�- ���M�Q�i�?�2�` �+�`�v�T�i�Q�+�m�`�`�2�M�+�v �B�M�i�2�`�K�2�/�B���`�v ���M�/

�b�?���/�Q�r �#���M�F �Q�M �L�Q�p �R�R�- �k�y�k�k �U�i�?�B�`�/ �p�2�`�i�B�+���H �H�B�M�2�V�X �h�?�2 �N�N�X�8�W �1�a ���T�T�`�Q�t�B�K���i�2�H�v �i�`�B�T�H�2�/

���`�Q�m�M�/ �2���+�? �Q�7 �i�?�2�b�2 �2�p�2�M�i�b�- �#�2�7�Q�`�2 �`�2�p�2�`�i�B�M�; �i�Q �K�Q�`�2 �ó�M�Q�`�K���H�ô �H�2�p�2�H�b �H���i�2�` �Q�M�X �S���M�2�H�b�j�+���M�/

�j�/ ���H�b�Q �b�?�Q�r �i�?�2 �K�Q�`�2 �`�2�+�2�M�i �/�2�+�H�B�M�2 �B�M �i���B�H �7���i�M�2�b�b �#�2�i�r�2�2�M �K�B�/�@�k�y�k�j ���M�/ �k�y�k�8�- �B�M �H�B�M�2 �r�B�i�?

�i�?�2 �T���i�i�2�`�M �Q�7~f t ���b �b�?�Q�r�M �B�M �i�?�2 �i�Q�T �T���M�2�H�b�X

�A�7 �r�2 �+�Q�M�b�B�/�2�` �i�?�2 �o���_ �p�B�Q�H���i�B�Q�M �`���i�2�b�- �r�2 �Q�#�i���B�M �p���H�m�2�b �Q�7 �y�X�3�N�W�f�y�X�9�9�W�f�y�X�k�9�W �7�Q�`

�"�h�*�- ���M�/ �y�X�d�d�W�f�y�X�9�8�W�f�y�X�k�9�W �7�Q�` �1�h�>�- �r�?�B�+�? ���`�2 ���H�H �[�m�B�i�2 �+�H�Q�b�2 �i�Q �i�?�2 �M�Q�K�B�M���H �H�2�p�2�H�b

�Q�7 �R�W�f�y�X�8�W�f�y�X�k�8�W�X �A�M�/�2�2�/�- �;�B�p�2�M �i�?���i �r�2 �?���p�2 �K�Q�`�2 �i�?���M �e�j�-�y�y�y �Q�#�b�2�`�p���i�B�Q�M�b ���M�/ �i�2�b�i�B�M�;

���i �� �b�B�;�M�B�}�+���M�+�2 �H�2�p�2�H �Q�7 �R �T�2�` �+�2�M�i�- �r�2 �Q�M�H�v �`�2�D�2�+�i �i�?�2 �m�M�+�Q�M�/�B�i�B�Q�M���H �+�Q�p�2�`���;�2 �i�2�b�i �Q�7�E�m�T�B�2�+

�U�k�y�y�y�V �7�Q�`� = 10%�- �B�X�2�X�- �r�?�2�M �i�?�2 �H�B�K�B�i�B�M�; ���T�T�`�Q�t�B�K���i�B�Q�M �Q�7�/�2 �>�����M ���M�/ �6�2�`�`�2�B�`���U�k�y�y�e�V �7�Q�`

� t ! 1 �K�B�;�?�i �M�Q�i �v�2�i �#�2 �b�m�{�+�B�2�M�i�H�v ���+�+�m�`���i�2�X �L�Q�i�2�- �?�Q�r�2�p�2�`�- �i�?���i �7�Q�` �i�?�2 �p�2�`�v �2�t�i�`�2�K�2 �i���B�H

�Q�70:5%=0:25% �i�?�2 �E�m�T�B�2�+ �i�2�b�i �K���v ���H�b�Q �H�Q�b�2 �b�Q�K�2 �Q�7 �B�i�b �T�Q�r�2�` �/�m�2 �i�Q �� �/�2�+�`�2���b�2�/ �M�m�K�#�2�`
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�a�2�+�Q�M�/�- �r�2 �b�2�2 �i�?���i �i�?�2 �M�2�r �K�Q�/�2�H ���M�/ �i�?�2 �h�o�:�S�. �T�2�`�7�Q�`�K �b�B�K�B�H���`�H�v�- �T���`�i�B�+�m�H���`�H�v �B�7 �r�2

�k�3



�6�B�;�m�`�2 �9�, �o���_ �7�Q�`�2�+���b�i�b �7�Q�` �"�h�*�f�l�a�.

�P�m�i�@�Q�7�@�b���K�T�H�2 �7�Q�`�2�+���b�i�b �Q�7 �2�t�i�`�2�K�2 �o���_ ���i� = 10% �U
 = 1%�V ���M�/� = 2 :5% �U
 = 0 :25%�V �7�Q�`
�"�h�*�f�l�a�.�X �h�?�2 �1�o�h ���M�/ �h�o�:�S�. �K�2�i�?�Q�/�b �m�b�2 �S�w�* �2�b�i�B�K���i�2�b �Q�7 �i�?�2 �i���B�H �i�?�`�2�b�?�Q�H�/� t ���i �� �i���B�H
�T�`�Q�#���#�B�H�B�i�v� �X �h�?�2 �1�o�h�- �h�o�:�S�.�- ���M�/ �S�w�* �o���_�b �B�M �i�?�2 �}�;�m�`�2 ���H�H �`�2�H���i�2 �i�Q ���M �2�t�i�`�2�K�2 �i���B�H
�T�`�Q�#���#�B�H�B�i�v
 = �= 10�X �>�Q�m�`�H�v �"�h�*�f�l�a�. �o���_ �7�Q�`�2�+���b�i�b �b�i���`�i �r�B�i�? ���M �B�M�@�b���K�T�H�2 �T�2�`�B�Q�/ �Q�7 �7�Q�m�` �v�2���`�b
���M�/ �7�Q�`�2�+���b�i �i�?�2 �o���_�b �7�Q�` �� �v�2���`�- ���7�i�2�` �r�?�B�+�? �i�?�2 �K�Q�/�2�H �B�b �`�2�+�m�`�b�B�p�2�H�v �m�T�/���i�2�/ ���M�M�m���H�H�v�X

�U���V
 = 1% (� = 10%) �U�#�V
 = 0:25% (� = 2:5%)

�H�Q�Q�F ���i �i�?�2 �K�Q�`�2 �2�t�i�`�2�K�2 �i���B�H�X �A�i �B�b �?�2�`�2 �i�?���i �i�?�2 �H�B�K�B�i�B�M�; �`�2�b�m�H�i �Q�7�/�2 �>�����M ���M�/ �6�2�`�`�2�B�`��

�U�k�y�y�e�V �#�2�+�Q�K�2�b �T���`�i�B�+�m�H���`�H�v ���T�T�H�B�+���#�H�2�- ���M�/ �i�?�2 �2�t�i�`�� �i���B�H �b�+���H�2 �T���`���K�2�i�2�` �Q�7 �i�?�2 �h�o�:�S�.

�K�Q�/�2�H ���/�/�b �H�2�b�b �p���H�m�2�X �q�2 ���H�b�Q �b�2�2 �i�?���i �H�2�b�b �7���` �Q�m�i �B�M �i�?�2 �i���B�H �U�2�X�;�X�-� = 10�V�- �i�?�B�b �H�B�K�B�i�B�M�;

�`�2�b�m�H�i �B�b �H�2�b�b ���+�+�m�`���i�2 ���M�/ �i�?�2 �M�2�r �K�Q�/�2�H �b�Q�K�2�i�B�K�2�b �m�M�/�2�`�T�2�`�7�Q�`�K�b �+�Q�K�T���`�2�/ �i�Q �i�?�2 �Q�i�?�2�`

�K�Q�/�2�H�b�- ���M�/ �i�?�2 ���/�/�B�i�B�Q�M���H �~�2�t�B�#�B�H�B�i�v �Q�7 �i�?�2 �h�o�:�S�. �r�B�i�? �� �i�B�K�2�@�p���`�v�B�M�; �i���B�H �b�+���H�2 �T���`���K�2�i�2�`

���/�/�b �p���H�m�2�X �h�?�B�b �B�b �`�2�;�m�H���`�H�v �U�B�M�b�B�;�M�B�}�+���M�i�H�v�V �`�2�p�2�`�b�2�/ �7�Q�`� = 5%; 2:5%�X

�h�?�B�`�/�- �r�2 �+�Q�M�}�`�K �Q�m�` �2���`�H�B�2�` �`�2�b�m�H�i �i�?���i �S�w�* ���M�/ �1�o�h �K�2�i�?�Q�/�Q�H�Q�;�B�2�b �M�B�+�2�H�v �+�Q�K�T�H�2�K�2�M�i

�2���+�? �Q�i�?�2�`�, �r�?�2�`�2���b �S�w�* �T�2�`�7�Q�`�K�b �i�v�T�B�+���H�H�v �#�2�i�i�2�` �H�2�b�b �7���` �Q�m�i �B�M �i�?�2 �i���B�H�b�- �i�?�2 �1�o�h �K�2�i�?�Q�/

���T�T�2���`�b �i�Q �/�Q �� �b�Q�K�2�r�?���i �#�2�i�i�2�` �D�Q�# �B�M �i�?�2 �2�t�i�`�2�K�2 �i���B�H�b�- �r�B�i�? �.�J �b�i���i�B�b�i�B�+�b �i�?���i ���`�2 �`�2�;�m�H���`�H�v

�b�B�;�M�B�}�+���M�i�X �h�?�2 �1�o�h �K�Q�/�2�H ���H�b�Q �Q�m�i�T�2�`�7�Q�`�K�b �i�?�2 �b�i���M�/���`�/ �:���m�b�b�B���M �:���_�*�> �K�Q�/�2�H�X �:�B�p�2�M

�i�?�2 �K�m�i�m���H �`���M�F�B�M�; �Q�7 �S�w�*�- �1�o�h�- ���M�/ �h�o�:�S�.�- �i�?�2 �M�2�r �b�B�M�;�H�2 �i�B�K�2�@�p���`�v�B�M�; �T���`���K�2�i�2�` �1�o�h

�K�Q�/�2�H �B�b �+�H�2���`�H�v ���K�Q�M�; �i�?�2 �K�Q�b�i �+�Q�K�T�2�i�B�i�B�p�2 �1�o�h�@�#���b�2�/ �i�B�K�2�@�p���`�v�B�M�; �i���B�H �b�?���T�2 �K�Q�/�2�H�b�-

�T���`�i�B�+�m�H���`�H�v �B�M �2�t�i�`�2�K�2 �i���B�H�b�X

�h�?�2 �H�Q�b�b �+�Q�K�T���`�B�b�Q�M�b �B�M �h���#�H�2�k�Q�M�H�v �T�`�Q�p�B�/�2 �� �T���`�i�B���H �T�B�+�i�m�`�2 �Q�7 �i�?�2 �7�m�H�H �`�2�b�m�H�i�b�X �h�Q �b�2�2

�i�?�B�b�- �r�2 �T�H�Q�i �i�?�2 �Q�m�i�@�Q�7�@�b���K�T�H�2 �o���_ �7�Q�`�2�+���b�i�b �7�Q�` �"�h�*�f�l�a�. �7�Q�`� �p���H�m�2�b �Q�7 �R�y�W ���M�/ �k�X�8�W�-

�B�X�2�X�- �� �K�Q�/�2�`���i�2 ���M�/ �� �K�Q�`�2 �2�t�i�`�2�K�2 �i���B�H ���`�2���X ���;���B�M�- �r�2 �b�2�i
 = �= 10 ���M�/ �T�H�Q�i �i�?�2 �o���_ �Q�p�2�`

�k�N



�� �b�?�Q�`�i�2�` �T�2�`�B�Q�/ �i�Q �#�2�i�i�2�` �p�B�b�m���H�B�x�2 �i�?�2 �`�2�b�m�H�i�b�X �6�B�;�m�`�2�9�T�`�2�b�2�M�i�b �i�?�2 �`�2�b�m�H�i�b�X �h�?�2�`�2 ���`�2 �i�r�Q

�K���B�M �i���F�2���r���v�b�X �6�B�`�b�i�- �r�2 �b�2�2 �i�?���i ���H�H �i�?�`�2�2 �i���B�H�@�#���b�2�/ �K�Q�/�2�H�b �/�Q �`�2���b�Q�M���#�H�v �r�2�H�H �B�M �7�Q�H�H�Q�r�B�M�;

�i�?�2 �b�2�+�m�H���` �/�v�M���K�B�+�b �Q�7 �`�B�b�F�X �h�?�2 �h�o�:�S�. ���M�/ �1�o�h �#�2�?���p�2 ���M�/ �i�?�m�b �T�2�`�7�Q�`�K �p�2�`�v �b�B�K�B�H���`�H�v�X

�a�2�+�Q�M�/�- �r�2 �b�2�2 �i�?���i �7���`�i�?�2�` �Q�m�i �B�M�i�Q �i�?�2 �i���B�H�b �U
 = 0:25%�V�- �i�?�2 �S�w�* �K�2�i�?�Q�/�Q�H�Q�;�v �`�2�+�2�B�p�2�b

�7�2�r�2�` ���M�/ �7�2�r�2�` �S�P�h�b �i�Q �2�b�i�B�K���i�2 �i�?�2 �`�B�b�F �/�v�M���K�B�+�b �7�`�Q�K�X �h�?�B�b �`�2�b�m�H�i�b �B�M �B�M�+�B�/�2�M�i���H �b�T�B�F�2�b�-

�7�Q�H�H�Q�r�2�/ �#�v �`���T�B�/ �U�r�B�i�?�B�M �Q�M�2 �K�Q�M�i�?�V �`�2�p�2�`�b���H�b �i�Q �� �H�Q�M�;�@�i�2�`�K �+�Q�M�b�i���M�i �o���_ �p���H�m�2 �i�?���i �r�2

�b�2�2 �B�M �i�?�2 �#�H�m�2 �H�B�M�2 �B�M �6�B�;�m�`�2�9�#�- ���M�/ �i�?���i �r�2 �?���p�2 ���H�b�Q �b�2�2�M �B�M �6�B�;�m�`�2�R�7�Q�` �b�B�K�m�H���i�2�/ �/���i���X

�a�m�+�? �/�B�z�2�`�2�M�+�2�b ���`�2 �M�Q�i �p�B�b�B�#�H�2 �7�`�Q�K �i�?�2 �b�+�Q�`�B�M�; �`�m�H�2 �`�2�b�m�H�i�b ���H�Q�M�2�- �#�m�i �+���M �#�2 �B�K�T�Q�`�i���M�i

�7�Q�` �/�2�+�B�/�B�M�; �r�?�B�+�? �K�Q�/�2�H �i�Q �m�b�2 �7�Q�` �b�2�i�i�B�M�; ���/�2�[�m���i�2 �+���T�B�i���H �#�m�z�2�` �H�2�p�2�H�b�- �2�B�i�?�2�` �7�`�Q�K ���M

�B�M�b�i�B�i�m�i�B�Q�M���H �Q�` �b�m�T�2�`�p�B�b�Q�`�v �T�2�`�b�T�2�+�i�B�p�2�X �A�i ���H�b�Q �m�M�/�2�`�H�B�M�2�b ���;���B�M �i�?���i �#�Q�i�? �K�2�i�?�Q�/�b �M�B�+�2�H�v

�+�Q�K�T�H�2�K�2�M�i �2���+�? �Q�i�?�2�`�- �r�B�i�? �i�?�2 �1�o�h �K�2�i�?�Q�/�b �+�Q�K�T�H�2�K�2�M�i�B�M�; �i�?�2 �b�2�K�B�@�T���`���K�2�i�`�B�+ �S�w�*

�K�2�i�?�Q�/�Q�H�Q�;�v �7���`�i�?�2�` �Q�m�i �B�M�i�Q �i�?�2 �i���B�H�b�X

�e �*�Q�M�+�H�m�b�B�Q�M

�q�2 �B�M�i�`�Q�/�m�+�2�/ �� �`�Q�#�m�b�i �b�2�K�B�@�T���`���K�2�i�`�B�+ �K�Q�/�2�H�B�M�; �7�`���K�2�r�Q�`�F �7�Q�` �b�i�m�/�v�B�M�; �T�2�`�b�B�b�i�2�M�i �i�B�K�2

�p���`�B���i�B�Q�M �B�M �i���B�H �T���`���K�2�i�2�`�b �7�Q�` �H�Q�M�; �m�M�B�p���`�B���i�2 �i�B�K�2 �b�2�`�B�2�b�X �h�Q �i�?�B�b �2�M�/�- �r�2 �K�Q�/�2�H�2�/ �i�?�2 �i�B�K�2

�p���`�B���i�B�Q�M �B�M �i�?�2 �b�?���T�2 �T���`���K�2�i�2�` �Q�7 �i�?�2 �:�2�M�2�`���H�B�x�2�/ �S���`�2�i�Q �.�B�b�i�`�B�#�m�i�B�Q�M�- �r�?�B�+�? ���T�T�`�Q�t�B�K���i�2�b

�i�?�2 �i���B�H �Q�7 �K�Q�b�i �?�2���p�v�@�i���B�H�2�/ �/�2�M�b�B�i�B�2�b �7�Q�m�M�/ �B�M �2�+�Q�M�Q�K�B�+�b ���M�/ �}�M���M�+�2�X �"�v �`�2�@�b�+���H�B�M�; �i�?�2

�T�2���F�b�@�Q�p�2�`�@�i�?�`�2�b�?�Q�H�/�b �#�v �i�?�2�B�` �`�2�b�T�2�+�i�B�p�2 �i�?�`�2�b�?�Q�H�/�b�- �r�2 �Q�#�i���B�M�2�/ �� �M�2�r �b�B�M�;�H�2 �7���+�i�Q�` �K�Q�/�2�H

�r�B�i�? �B�M�i�2�;�`���i�2�/ �b�+�Q�`�2�@�/�`�B�p�2�M �/�v�M���K�B�+�b �i�Q �+���T�i�m�`�2 �i�?�2 �T�2�`�b�B�b�i�2�M�i �i�B�K�2 �p���`�B���i�B�Q�M �B�M �2�t�i�`�2�K�2

�i���B�H�b�X �h�?�2 �}�H�i�2�` �B�b �H�2�b�b �T�`�Q�M�2 �i�Q �`�2���+�i�B�M�; �i�Q �B�M�+�B�/�2�M�i���H �H���`�;�2 ���b�b�2�i �`�2�i�m�`�M�b�- �i�?�m�b ���m�;�K�2�M�i�B�M�;

�b�2�K�B�@�T���`���K�2�i�`�B�+ �}�H�i�2�`�b �7�Q�` �1�t�T�2�+�i�2�/ �a�?�Q�`�i�7���H�H �i�?���i ���`�2 �K�Q�`�2 �b�2�M�b�B�i�B�p�2 �i�Q �b�m�+�? �Q�#�b�2�`�p���i�B�Q�M�b

�U�2�X�;�X�-�S���i�i�Q�M �2�i ���H�X�- �k�y�R�N�V�X ���b �� �i�?�2�Q�`�2�i�B�+���H �+�Q�M�i�`�B�#�m�i�B�Q�M�- �r�2 ���m�;�K�2�M�i�2�/ �i�?�2 �2�K�2�`�;�B�M�; �H�B�i�@

�2�`���i�m�`�2 �Q�M �b�+�Q�`�2�@�/�`�B�p�2�M �p�Q�H���i�B�H�B�i�v �}�H�i�2�`�b �r�B�i�? �m�M�B�i �+�Q�2�{�+�B�2�M�i �U�B�M�i�2�;�`���i�2�/�V �/�v�M���K�B�+�b ���M�/ �i�?�2

�2�t�B�b�i�B�M�; �H�B�i�2�`���i�m�`�2 �Q�M �B�:���_�*�> �}�H�i�2�`�b �#�v �� �M�2�r �B�M�i�2�;�`���i�2�/ �}�H�i�2�` �7�Q�` �i�B�K�2�@�p���`�v�B�M�; �T���`���K�2�i�2�`�b

�/�2�b�+�`�B�#�B�M�; �?�B�;�?�2�`�@�Q�`�/�2�` �T�`�Q�T�2�`�i�B�2�b �Q�7 �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M�X

�j�y



�h�?�2 �2���b�2 �Q�7 �i�?�2 �K�2�i�?�Q�/�ö�b ���T�T�H�B�+���#�B�H�B�i�v ���M�/ �B�i�b �B�K�T�H�B�+���i�B�Q�M�b�- �T���`�i�B�+�m�H���`�H�v �B�M �i�?�2 �2�t�i�`�2�K�2

�i���B�H�- �r�2�`�2 �B�H�H�m�b�i�`���i�2�/ �#�v �b�i�m�/�v�B�M�; �i�?�2 �i�B�K�2 �p���`�B���i�B�Q�M �B�M �i�?�2 �i���B�H�b �Q�7 �i�r�Q �+�`�v�T�i�Q�+�m�`�`�2�M�+�v �2�t�@

�+�?���M�;�2 �`���i�2 �`�2�i�m�`�M�b �Q�p�2�` �#�Q�i�? �[�m�B�2�i ���M�/ �i�m�`�#�m�H�2�M�i �i�B�K�2�b�X �h�?�2 �K�2�i�?�Q�/�Q�H�Q�;�v �r�Q�`�F�b �T���`�i�B�+�m�H���`�H�v

�r�2�H�H �B�M �+�Q�M�D�m�M�+�i�B�Q�M �r�B�i�? �i�?�2 ���T�T�`�Q���+�? �Q�7�S���i�i�Q�M �2�i ���H�X�U�k�y�R�N�V �i�Q �b�2�i �i�?�2 �i���B�H �i�?�`�2�b�?�Q�H�/�b�- �r�?�2�`�2

�i�?�2 �1�o�h ���T�T�`�Q���+�? ���H�H�Q�r�b �m�b �i�Q �2�t�i�`���T�Q�H���i�2 �i�?�2 �`�B�b�F �/�v�M���K�B�+�b �7�m�`�i�?�2�` �B�M�i�Q �i�?�2 �i���B�H�X �P�m�`
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�C�2�M�b�2�M�- �a�X �h�X ���M�/ ���X �_���?�#�2�F �U�k�y�y�9�V�X ���b�v�K�T�i�Q�i�B�+ �B�M�7�2�`�2�M�+�2 �7�Q�` �M�Q�M�b�i���i�B�Q�M���`�v �;���`�+�?�X�1�+�Q�M�Q�K�2�i�`�B�+

�h�?�2�Q�`�v �k�y�U�e�V�- �R�k�y�j���R�k�k�e�X

�C�Q�?�M�b�Q�M�- �L�X �G�X�- �a�X �E�Q�i�x�- ���M�/ �L�X �"���H���F�`�B�b�?�M���M �U�R�N�N�9�V�X�*�Q�M�i�B�M�m�Q�m�b �m�M�B�p���`�B���i�2 �/�B�b�i�`�B�#�m�i�B�Q�M�b�- �o�Q�H�X �R�-

�k�M�/ �1�/�B�i�B�Q�M�X �q�B�H�2�v�X

�E�`�2�M�;�2�H�- �l�X �U�R�N�3�8�V�X�1� �̀;�Q�/�B�+ �i�?�2�Q� �̀2�K�b�X �.�2 �:�`�m�v�i�2�` �b�i�m�/�B�2�b �B�M �J���i�?�2�K���i�B�+�b�X

�E�m�T�B�2�+�- �S�X �>�X �U�k�y�y�y�V�X �a�i�`�2�b�b �i�2�b�i�b ���M�/ �`�B�b�F �+���T�B�i���H�X�C�Q�m�`�M���H �Q�7 �_�B�b�F �k�- �k�d���9�y�X

�G�2�2�- �a�X�@�q�X ���M�/ �"�X �1�X �>���M�b�2�M �U�R�N�N�9�V�X ���b�v�K�T�i�Q�i�B�+ �i�?�2�Q�`�v �7�Q�` �i�?�2 �;���`�+�? �U�R�- �R�V �[�m���b�B�@�K���t�B�K�m�K

�H�B�F�2�H�B�?�Q�Q�/ �2�b�i�B�K���i�Q�`�X�1�+�Q�M�Q�K�2�i�`�B�+ �i�?�2�Q�`�v �R�y�U�R�V�- �k�N���8�k�X

�G�B�- �.�X�- �s�X �w�?���M�;�- �E�X �w�?�m�- ���M�/ �a�X �G�B�M�; �U�k�y�R�3�V�X �h�?�2 �x�/�@�;���`�+�? �K�Q�/�2�H�, �� �M�2�r �r���v �i�Q �b�i�m�/�v �?�2�i�@

�2�`�Q�b�+�2�/���b�i�B�+�B�i�v�X�C�Q�m�`�M���H �Q�7 �1�+�Q�M�Q�K�2�i�`�B�+�b �k�y�k�U�R�V�- �R���R�d�X

�G�B�M�- �u�X ���M�/ ���X �G�m�+���b �U�k�y�k�8�V�X �h�2�b�i�B�M�; �7�Q�` �i�?�2 ���#�b�2�M�+�2 �Q�7 �b�+�Q�`�2�@�/�`�B�p�2�M �T���`���K�2�i�2�` �/�v�M���K�B�+�b�X �h�2�+�?�M�B�+���H

�_�2�T�Q�`�i �k�8�@�y�e�j�f�A�A�A�- �h�B�M�#�2�`�;�2�M �A�M�b�i�B�i�m�i�2 �.�B�b�+�m�b�b�B�Q�M �S���T�2�`�X

�j�j



�J���b�b���+�+�B�- �.�X �U�k�y�R�d�V�X �h���B�H �`�B�b�F �/�v�M���K�B�+�b �B�M �b�i�Q�+�F �`�2�i�m�`�M�b�, �G�B�M�F�b �i�Q �i�?�2 �K���+�`�Q�2�+�Q�M�Q�K�v ���M�/ �;�H�Q�#���H

�K���`�F�2�i�b �+�Q�M�M�2�+�i�2�/�M�2�b�b�X�J���M���;�2�K�2�M�i �a�+�B�2�M�+�2 �e�j�U�N�V�- �j�y�d�k���j�y�3�N�X

�J�+�L�2�B�H�- ���X ���M�/ �_�X �6�`�2�v �U�k�y�y�y�V�X �1�b�i�B�K���i�B�Q�M �Q�7 �i���B�H�@�`�2�H���i�2�/ �`�B�b�F �K�2���b�m�`�2�b �7�Q�` �?�2�i�2�`�Q�b�+�2�/���b�i�B�+ �}�M���M�+�B���H

�i�B�K�2 �b�2�`�B�2�b�, ���M �2�t�i�`�2�K�2 �p���H�m�2 ���T�T�`�Q���+�?�X�C�Q�m�`�M���H �Q�7 �1�K�T�B�`�B�+���H �6�B�M���M�+�2 �d�U�j�@�9�V�- �k�d�R���j�y�y�X

�J�+�L�2�B�H�- ���X �C�X�- �_�X �6�`�2�v�- ���M�/ �S�X �1�K�#�`�2�+�?�i�b �U�k�y�R�y�V�X�Z�m���M�i�B�i���i�B�p�2 �`�B�b�F �K���M���;�2�K�2�M�i�, �*�Q�M�+�2�T�i�b�- �i�2�+�?�@

�M�B�[�m�2�b�- ���M�/ �i�Q�Q�H�b�X �S�`�B�M�+�2�i�Q�M �l�M�B�p�2�`�b�B�i�v �T�`�2�b�b�X

�L�2�H�b�Q�M�- �.�X �"�X ���M�/ �.�X �S�X �6�Q�b�i�2�` �U�R�N�N�9�V�X ���b�v�K�T�i�Q�i�B�+ �}�H�i�2�`�B�M�; �i�?�2�Q�`�v �7�Q�` �m�M�B�p���`�B���i�2 ���_�*�> �K�Q�/�2�H�b�X

�1�+�Q�M�Q�K�2�i�`�B�+�� �e�k�U�R�V�- �R���9�R�X

�L�2�H�b�Q�M�- �.�X �"�X ���M�/ �.�X �S�X �6�Q�b�i�2�` �U�R�N�N�8�V�X �6�B�H�i�2�`�B�M�; ���M�/ �7�Q�`�2�+���b�i�B�M�; �r�B�i�? �K�B�b�b�T�2�+�B�}�2�/ ���_�*�> �K�Q�/�2�H�b

�A�A�, �J���F�B�M�; �i�?�2 �`�B�;�?�i �7�Q�`�2�+���b�i �r�B�i�? �i�?�2 �r�`�Q�M�; �K�Q�/�2�H�X�C�Q�m�`�M���H �Q�7 �1�+�Q�M�Q�K�2�i�`�B�+�b �e�d�U�k�V�- �j�y�j���j�j�8�X

�L�Q�H�/�2�- �L�X ���M�/ �C�X �6�X �w�B�2�;�2�H �U�k�y�R�d�V�X �1�H�B�+�B�i���#�B�H�B�i�v ���M�/ �#���+�F�i�2�b�i�B�M�;�, �S�2�`�b�T�2�+�i�B�p�2�b �7�Q�` �#���M�F�B�M�; �`�2�;�m�H���i�B�Q�M�X

�h�?�2 ���M�M���H�b �Q�7 ���T�T�H�B�2�/ �a�i���i�B�b�i�B�+�b �R�R�U�9�V�- �R�3�j�j���R�3�d�9�X

�S���i�i�Q�M�- ���X �C�X�- �C�X �6�X �w�B�2�;�2�H�- ���M�/ �_�X �*�?�2�M �U�k�y�R�N�V�X �.�v�M���K�B�+ �b�2�K�B�T���`���K�2�i�`�B�+ �K�Q�/�2�H�b �7�Q�` �1�t�T�2�+�i�2�/

�a�?�Q�`�i�7���H�H �U���M�/ �o���H�m�2�@���i�@�_�B�b�F�V�X�C�Q�m�`�M���H �Q�7 �1�+�Q�M�Q�K�2�i�`�B�+�b �k�R�R�U�k�V�- �j�3�3���9�R�j�X

�S�B�+�F���M�/�b�- �C�X �U�R�N�d�8�V�X �a�i���i�B�b�i�B�+���H �B�M�7�2�`�2�M�+�2 �m�b�B�M�; �2�t�i�`�2�K�2 �Q�`�/�2�` �b�i���i�B�b�i�B�+�b�X�h�?�2 ���M�M���H�b �Q�7 �a�i���i�B�b�i�B�+�b �j�U�R�V�-

�R�R�N���R�j�R�X

�_���Q�- �_�X �_�X �U�R�N�e�k�V�X �_�2�H���i�B�Q�M�b �#�2�i�r�2�2�M �r�2���F ���M�/ �m�M�B�7�Q�`�K �+�Q�M�p�2�`�;�2�M�+�2 �Q�7 �K�2���b�m�`�2�b �r�B�i�? ���T�T�H�B�+���i�B�Q�M�b�X

�h�?�2 ���M�M���H�b �Q�7 �J���i�?�2�K���i�B�+���H �a�i���i�B�b�i�B�+�b �j�j�U�k�V�- �e�8�N���e�3�y�X

�_�Q�+�+�Q�- �J�X �U�k�y�R�9�V�X �1�t�i�`�2�K�2 �p���H�m�2 �i�?�2�Q�`�v �B�M �}�M���M�+�2�, �� �b�m�`�p�2�v�X�C�Q�m�`�M���H �Q�7 �1�+�Q�M�Q�K�B�+ �a�m�`�p�2�v�b �k�3�U�R�V�-

�3�k���R�y�3�X

�a�i�`���m�K���M�M�- �.�X ���M�/ �h�X �J�B�F�Q�b�+�? �U�k�y�y�e�V�X �Z�m���b�B�@�K���t�B�K�m�K�@�H�B�F�2�H�B�?�Q�Q�/ �2�b�i�B�K���i�B�Q�M �B�M �+�Q�M�/�B�i�B�Q�M���H�H�v �?�2�i�@

�2�`�Q�b�+�2�/���b�i�B�+ �i�B�K�2 �b�2�`�B�2�b�, �� �b�i�Q�+�?���b�i�B�+ �`�2�+�m�`�`�2�M�+�2 �2�[�m���i�B�Q�M�b ���T�T�`�Q���+�?�X�h�?�2 ���M�M���H�b �Q�7 �a�i���i�B�b�@

�i�B�+�b �j�9�U�8�V�- �k�9�9�N���k�9�N�8�X

�l�?�H�B�;�- �>�X �U�k�y�k�k�V�X �� �G�m�M���@�i�B�+ �b�i���#�H�2�+�Q�B�M �+�`���b�?�X �q�Q�`�F�B�M�; �S���T�2�` �L�Q�X �k�y�k�k�@�N�8�- �l�M�B�p�2�`�b�B�i�v �Q�7 �*�?�B�+���;�Q�-

�"�2�+�F�2�` �6�`�B�2�/�K���M �A�M�b�i�B�i�m�i�2 �7�Q�` �1�+�Q�M�Q�K�B�+�b�X

�q�?�B�i�2�- �>�X �U�R�N�N�9�V�X�1�b�i�B�K���i�B�Q�M�- �A�M�7�2� �̀2�M�+�2 ���M�/ �a�T�2�+�B�}�+���i�B�Q�M ���M���H�v�b�B�b�X �*���K�#�`�B�/�;�2 �l�M�B�p�2�`�b�B�i�v �S�`�2�b�b�X

�j�9



�q�2�# ���T�T�2�M�/�B�t �i�Q

�ó�C�Q�B�M�i �1�t�i�`�2�K�2 �o���H�m�2�@���i�@�_�B�b�F ���M�/ �1�t�T�2�+�i�2�/ �a�?�Q�`�i�7���H�H
�.�v�M���K�B�+�b �r�B�i�? �� �a�B�M�;�H�2 �A�M�i�2�;�`���i�2�/ �h���B�H �a�?���T�2

�S���`���K�2�i�2�`�ô

�1�M�x�Q �.�ö�A�M�M�Q�+�2�M�x�Qa�- ���M�/� �̀2 �G�m�+���bb�- �"�2�`�M�/ �a�+�?�r�����#c�- ���M�/ �s�B�M �w�?���M�;d

a�, �l�M�B�p�2�`�b�B�i�v �Q�7 �"�Q�H�Q�;�M��
b�, �o�`�B�D�2 �l�M�B�p�2�`�b�B�i�2�B�i ���K�b�i�2� �̀/���K���M�/�h�B�M�#�2� �̀;�2�M �A�M�b�i�B�i�m�i�2

c�, �1�m� �̀Q�T�2���M �*�2�M�i� �̀��H �"���M�F�- �6�B�M���M�+�B���H �_�2�b�2��� �̀+�?
d�, �a�p�2�`�B�;�2�b �_�B�F�b�#���M�F

�*�Q�M�i�2�M�i�b

�� �S�`�Q�Q�7�b �q�� �T�R

�" �h�2�+�?�M�B�+���H �H�2�K�K���b �q�� �T�R�k

�* �.�2�`�B�p���i�B�Q�M �Q�7 �K���`�F�2�i �`�B�b�F �K�2���b�m�`�2�b �q�� �T�k�R

�. ���/�/�B�i�B�Q�M���H �b�B�K�m�H���i�B�Q�M �`�2�b�m�H�i�b �q�� �T�k�j



�� �S�`�Q�Q�7�b

�L�A�* �7�Q�` �i�?�2 �1�o�h�@�#���b�2�/ �o���_

�G�2�i �i�?�2 �+�Q�M�/�B�i�B�Q�M���H �2�t�+�2�2�/���M�+�2 �T�`�Q�#���#�B�H�B�i�v �Q�7� t �#�2 �2�[�m���H �i�Q� �- ���M�/ �H�2�i0 < � < 
 �/�2�M�Q�i�2 �Q�m�`

�2�t�i�`�2�K�2 �i���B�H �T�`�Q�#���#�B�H�B�i�v�X �*�Q�M�b�B�/�2�` �K�Q�/�2�H�B�M�; �i�?�2 �`�B�;�?�i�@�?���M�/ �2�t�i�`�2�K�2 �i���B�H�X �6�Q�` �� �;�B�p�2�M �p���H�m�2�b

�Q�7f i = f ���M�/� t = � �- �r�2 �?���p�2

f i +1 = ! + f + �
�
ln(1 + yi ) � f

�
;

V aRi +1 = � �
�



�

� � f i +1

= � �
�



�

� � ! � (1� � )f � � ln(1+ yi )

= �
�



�

� � ! � (1� � )f

�
�



�

� � � ln(1+ yi )

= C �
�



�

� � � ln(1+ yi )

= C � exp

 

ln
�



�

� ! � � ln(1+ yi )

= C � exp

 

� � ln(1 + yi ) ln
�



�

� !

= C � exp
�
ln(1 + yi )

� � � ln(�=
 ) = C � (1 + yi )
� � ln(�=
 )

= C �
�
X t=�

� � ln(�=
 ) = ~C � X
� � ln(�=
 )
t ;

�7�Q�X̀ t �2�t�+�2�2�/�B�M�; �i�?�2 �i�?�`�2�b�?�Q�H�/� �- �B�X�2�X�-X t > � > 0�X �h�?�2 �b�?���T�2 �Q�7 �i�?�2 �M�2�r�b �B�K�T���+�i �+�m�`�p�2 �7�Q�`

�i�?�2 �o���_ �#���b�2�/ �Q�M �i�?�2 �1�o�h ���T�T�`�Q���+�? �B�b �i�?�m�b �+�Q�M�+���p�2 ���b �H�Q�M�; ���b� ln(�=
 ) < 1�X �L�Q�i�2 �i�?���i �7�Q�`

�i�?�2 �T�H�Q�i�b �B�M �a�2�+�i�B�Q�M�k�X�j�r�2 �?���p�2 �`�2�@�+���b�i �Q�m�` �1�o�h ���T�T�`�Q���+�? �i�Q �i�?�2 �2�t�i�`�2�K�2 �H�2�7�i�@�?���M�/ �i���B�H �i�Q

�K���F�2 �B�i �/�B�`�2�+�i�H�v �+�Q�K�T���`���#�H�2 �i�Q �i�?�2 ���T�T�`�Q���+�? �Q�7�S���i�i�Q�M �2�i ���H�X�U�k�y�R�N�V�X

�S�`�2�H�B�K�B�M���`�v �`�2�b�m�H�i�b

�G�2�K�K�� ���X�R�X�l�M�/�2�` ���b�b�m�K�T�i�B�Q�M�b�R���M�/�k�- �i�?�2 �B�M�2�[�m���H�B�i�v

E
�
ln j1 + � (� � 1)j

�
< 0;

�q�� �T�R



�B�b ���H�r���v�b �b���i�B�b�}�2�/�X

�S� �̀Q�Q�7�X�6�Q�b̀= �= (1 � � ) > 0�- �r�2 �?���p�2

E
�
ln j1 + � (� � 1)j

�
= ln(1 � � ) +

Z 1

0
ln(1 + bx)e� x �/x

= ln(1 � � ) �
�

ln(1 + bx)e� x
� 1

0
+

Z 1

0

b
1 + bx

e� x �/x

= ln(1 � � ) +
Z 1

0

b
1 + bx

e� x �/x

= ln(1 � � ) + e1=b
Z 1

1=b

e� x

x
�/x

= ln(1 � � ) � e� � 1 � 1 Ei
�
1 � � � 1

�

< 0;

�7�Q�`0 < � < 1�- �r�?�2�`�2Ei(z) = �
R1

� z t � 1 e� t �/t �/�2�M�Q�i�2�b �i�?�2 �2�t�T�Q�M�2�M�i�B���H �B�M�i�2�;�`���H�X

�S�`�Q�Q�7 �Q�7 �h�?�2�Q�`�2�K�R

�a�B�M�+�2ln(1 + yi ) = f i (� 0)� i �- �r�2 �+���M �r�`�B�i�2 �i�?�2 �b�+�Q�`�2�@�/�`�B�p�2�M �}�H�i�2�` ���b

f̂ i +1 (� ) = ! + f̂ i (� ) + �
�

ln(1 + yi ) � f̂ i (� )
�

= ! + f̂ i (� ) + �
�

f i (� 0)� i � f̂ i (� )
�

= ! + (1 � � ) f̂ i (� ) + �� i f i (� 0):

�q�?�2�M �2�p���H�m���i�B�M�; �i�?�2 �T�`�Q�+�2�b�b ���#�Q�p�2 ���i �i�?�2 �i�`�m�2 �T���`���K�2�i�2�` �p�2�+�i�Q�`� 0�- �r�2 �M�Q�i�2 �i�?���i �i�?�2 �m�M�Q�#�@

�b�2�`�p�2�/ �T�`�Q�+�2�b�bf f i +1 (� 0)gi 2 Z �b���i�B�b�}�2�b

f i +1 (� 0) = ! 0 + (1 � � 0 + � 0� i ) f i (� 0):

�L�Q�i�2 �i�?���i �#�Q�i�?f̂ i (� ) ���M�/f i (� 0) ���`�2 �2�K�#�2�/�/�2�/ �B�M �i�?�2 �b�i�Q�+�?���b�i�B�+ �`�2�+�m�`�`�2�M�+�2 �2�[�m���i�B�Q�M�b �U�a�_�1�b�V

�Q�7 �i�?�2 �7�Q�`�Kf̂ i +1 (� ) = �̂ (f̂ i (� ); yi ; � ) ���M�/f i +1 (� 0) = � (f i (� 0); � i ; � 0)�- �`�2�b�T�2�+�i�B�p�2�H�v�X

�q�� �T�k



�S���`�i �U�B�V�,�h�Q �T�`�Q�p�2 �b�i���i�B�Q�M���`�B�i�v ���M�/ �2�`�;�Q�/�B�+�B�i�v �U�a�1�V �Q�7f i (� 0)�- �r�2 ���T�T�H�v �h�?�2�Q�`�2�K3:1 �Q�7

�"�Q�m�;�2�`�Q�H�U�R�N�N�j�V�X �q�2 �}�`�b�i �+�?�2�+�F �i�?�2 �H�Q�;�@�K�Q�K�2�M�i �+�Q�M�/�B�i�B�Q�M�- �r�?�B�+�? �B�b �2���b�B�H�v �b���i�B�b�}�2�/ �b�B�M�+�2

E
h
ln+

�
� � ( �f 1; � i ; � 0)

�
�
i

� E

"

ln ! 0 + ln
�

1 +
(1 � � 0 + � 0� i )

! 0

�f 1

� #

= ln ! 0 + E
�

(1 � � 0 + � 0� i )
! 0

�f 1

�
= ln ! 0 +

1
! 0

�f 1 < 1 ;

�7�Q�` ���H�H�f 1 2 (0; 1 )�- �r�?�2�`�2 �r�2 �?���p�2 �m�b�2�/ �i�?�2 �7���+�i �i�?���i� i �B�b�A�A�.�2�t�T�Q�M�2�M�i�B���H�H�v �/�B�b�i�`�B�#�m�i�2�/ �r�B�i�?

�m�M�B�i �K�2���M �7�Q�H�H�Q�r�B�M�; ���b�b�m�K�T�i�B�Q�M�R�X �h�?�2 �+�Q�M�i�`���+�i�B�Q�M �+�Q�M�/�B�i�B�Q�M �Q�7�"�Q�m�;�2�`�Q�H�U�R�N�N�j�V �7�Q�H�H�Q�r�b

�/�B�`�2�+�i�H�v�- ���b

E

2

4sup
�f

ln

�
�
�
�
�
@�( �f ; � i ; � 0)

@�f

�
�
�
�
�

3

5 = E
h
ln

�
�1 + � 0(� i � 1)

�
�
i

< 0;

�7�Q�`� 0 2 (0; 1) �m�b�B�M�; �G�2�K�K�����X�R���#�Q�p�2�X �>�2�M�+�2�- ���H�H �i�?�2 �+�Q�M�/�B�i�B�Q�M�b �Q�7 �h�?�2�Q�`�2�K �j�X�R �Q�7�"�Q�m�;�2�`�Q�H

�U�R�N�N�j�V ���`�2 �b���i�B�b�}�2�/ ���M�/ �r�2 �+�Q�M�+�H�m�/�2 �i�?���i ���M �a�1 �b�Q�H�m�i�B�Q�Mf i (� 0) �2�t�B�b�i�b ���M�/ �i�?���i ���M�v �B�M�B�i�B���H�B�x�2�/

�b�2�[�m�2�M�+�2 �+�Q�M�p�2�`�;�2�b �2�t�T�Q�M�2�M�i�B���H�H�v �7���b�i ���H�K�Q�b�i �b�m�`�2�H�v �U�2�X���X�b�X�V �i�Q �i�?�B�b �m�M�B�[�m�2 �a�1 �H�B�K�B�i�X �:�B�p�2�M

yi = exp( f i (� 0)� i ) � 1�- �B�i �7�Q�H�H�Q�r�b �B�K�K�2�/�B���i�2�H�v �i�?���iyi �B�b �a�1 �#�v �S�`�Q�T�Q�b�B�i�B�Q�M �9�X�j �Q�7�E�`�2�M�;�2�H

�U�R�N�3�8�V�X

�h�?�2 �2�t�B�b�i�2�M�+�2 �Q�7 �K�Q�K�2�M�i�b �7�Q�H�H�Q�r�b �7�`�Q�K �G�2�K�K�� �k�X�9 �Q�7�a�i�`���m�K���M�M ���M�/ �J�B�F�Q�b�+�?�U�k�y�y�e�V�X

�h�?�2 ���H�K�Q�b�i �b�m�`�2 �a�1 �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7f i (� 0) �2�[�m���H�b

f i (� 0) = ! 0

1X

i =0

i � 1Y

j =0

�
1 + � 0(� i � j � 1)

�
> 0: �U���X�R�V

�L�Q�i�2 �i�?���iE
�
(1 + � 0(� i � 1))q

�
< 1 �7�Q�` ���M�v �}�M�B�i�2q > 0 �;�B�p�2�M �i�?���i� i �?���b �� �m�M�B�i �2�t�T�Q�M�2�M�i�B���H

�/�B�b�i�`�B�#�m�i�B�Q�M�X �6�Q�H�H�Q�r�B�M�; �i�Q �G�2�K�K�� �k�X�9 �Q�7�a�i�`���m�K���M�M ���M�/ �J�B�F�Q�b�+�?�U�k�y�y�e�V�- �i�?�2�`�2 �2�t�B�b�i�b ���M

0 < � < 1 ���M�/ �� �b�m�{�+�B�2�M�i�H�v �b�K���H�H0 < r � q �b�m�+�? �i�?���iE[(1 + � 0(� i � 1))r ] = � ���M�/ �i�?�m�b

�q�� �T�j



E[
Q i � 1

j =0 (1 + � 0(� i � j � 1))r ] = � i �X �l�b�B�M�; �i�?�B�b�- �r�2 �Q�#�i���B�M

E[f i (� 0)r ] = ! r
0

1X

i =0

E

2

4
i � 1Y

j =0

�
1 + � 0(� i � j � 1)

� r

3

5 = ! r
0

1X

i =0

� i < 1 :

���b ln(1 + yi ) = f i (� 0)� i �- �i�?�B�b ���H�b�Q �/�B�`�2�+�i�H�v �2�b�i���#�H�B�b�?�2�b �i�?�2 �2�t�B�b�i�2�M�+�2 �Q�7 �� �H�Q�;�@�K�Q�K�2�M�i �7�Q�`

ln(1 + yi ) ���M�/ �i�?�m�b �T�`�Q�p�2�b �i�?�2 �}�`�b�i �T���`�i �Q�7 �i�?�2 �i�?�2�Q�`�2�K�X

�S���`�i �U�B�B�V�,�h�Q �T�`�Q�p�2 �i�?���i �i�?�2 �}�H�i�2�`f̂ i (� ) �B�b �a�1�- �r�2 ���;���B�M ���T�T�H�v �h�?�2�Q�`�2�K3:1 �Q�7�"�Q�m�;�2�`�Q�H

�U�R�N�N�j�V�X �h�?�2 �2�t�B�b�i�2�M�+�2 �Q�7 �� �H�Q�;�@�K�Q�K�2�M�i �B�b �2�M�b�m�`�2�/ �#�2�+���m�b�2

E

"

ln+ sup
� 2 �

�
�
� �̂ ( �f 1; yi ; � )

�
�
�

#

� C + ln + sup
� 2 �

! + ln + sup
� 2 �

(1 � � ) + ln + �f 1 + sup
� 2 �

� E
�
ln+ ln (1 + yi )

�

< 1 ;

�7�Q�` ���M�v�f 1 2 (0; 1 )�- ���M�/ �r�?�2�`�2C �B�b �� �}�M�B�i�2 �+�Q�M�b�i���M�i�X �h�?�2 �H���b�i �B�M�2�[�m���H�B�i�v �7�Q�H�H�Q�r�b �7�`�Q�K �i�?�2

���b�b�m�K�2�/ �H�Q�;+ �K�Q�K�2�M�i �7�Q�`ln(1 + yi ) ���M�/ �B�b ���m�i�Q�K���i�B�+���H�H�v �b���i�B�b�}�2�/ �p�B�� �T���`�i �U�B�V �Q�7 �i�?�2 �i�?�2�Q�`�2�K

�B�7 �i�?�2 �K�Q�/�2�H �B�b �+�Q�`�`�2�+�i�H�v �b�T�2�+�B�}�2�/�X

�h�Q �2�b�i���#�H�B�b�? �i�?�2 �+�Q�M�i�`���+�i�B�Q�M �T�`�Q�T�2�`�i�v�- �M�Q�i�2 �i�?���i

E

2

4sup
� 2 �

sup
�f

ln

�
�
�
�
�
@̂� ( �f ; y i ; � )

@�f

�
�
�
�
�

3

5 = E

"

sup
� 2 �

ln (1 � � )

#

= sup
� 2 �

ln (1 � � ) < 0;

���b0 < � � � � �� < 1�X �q�2 �+���M �M�Q�r �m�b�2 �h�?�2�Q�`�2�K3:1 �Q�7�"�Q�m�;�2�`�Q�H�U�R�N�N�j�V ���M�/ �+�Q�M�+�H�m�/�2 �i�?���i

f̂ i (� ) �B�b ���b�v�K�T�i�Q�i�B�+���H�H�v �a�1�- ���M�/ �+�Q�M�p�2�`�;�2�b�2�X���X�b�X�i�Q �� �m�M�B�[�m�2 �a�1 �H�B�K�B�if i (� )�- �B�X�2�X�-sup� 2 � j f̂ i (� ) �

f i (� )j e:a:s:���! ! 0�X

�h�?�B�b �2�b�i���#�H�B�b�?�2�b �i�?�2 �b�2�+�Q�M�/ �T���`�i �Q�7 �i�?�2 �i�?�2�Q�`�2�K�X

�q�� �T�9



�S���`�i �U�B�B�B�V�,�6�B�`�b�i �M�Q�i�2 �i�?���if̂ i (� ) � ! f �- ���M�/ �i�?�m�b

sup
� 2 �

�
�
�
�
�

1

f̂ i (� )
�

1
f i (� )

�
�
�
�
�

� ! 2
f � sup

� 2 �

�
�
� f̂ i (� ) � f i (� )

�
�
�

e:a:s:���! 0:

�A�i �i�?�2�M �7�Q�H�H�Q�r�b �/�B�`�2�+�i�H�v �7�`�Q�K �G�2�K�K�� �k�X�R �Q�7�a�i�`���m�K���M�M ���M�/ �J�B�F�Q�b�+�?�U�k�y�y�e�V �i�?���îzf
i (� ) e:a:s:���!

zf
i (� ) �m�M�B�7�Q�`�K�H�v �Q�p�2�`� 2 � �B�7E[ln+ f i (� 0)] < 1 �X �h�?�2 �H���i�i�2�` �7�Q�H�H�Q�r�b �B�K�K�2�/�B���i�2�H�v �7�`�Q�K �S���`�i

�U�B�V ���#�Q�p�2�X

�h�?�2 �#�Q�m�M�/�2�/�M�2�b�b �Q�7 �i�?�2 �K�Q�K�2�M�i�b �7�Q�H�H�Q�r�b ���H�Q�M�; �i�?�2 �b���K�2 �H�B�M�2�b ���b �G�2�K�K�� ���j �Q�7�6�`���M�+�[

���M�/ �w���F�Q�[���M�U�k�y�R�k�V �#�v �`�2�T�H���+�B�M�; �i�?�2�B�`a(� t ) = � F Z + � F Z � 2
t �7�Q�`�A�A�.� t �r�B�i�? �x�2�`�Q �K�2���M�- �m�M�B�i

�p���`�B���M�+�2�- ���M�/P(� 2
t = 1) < 1�- �#�v �Q�m�`1 � � + �� i �7�Q�`�A�A�.�m�M�B�i �2�t�T�Q�M�2�M�i�B���H� i �- �b�m�+�? �i�?���i

0 < � F Z = 1 � � < 0 ���M�/� F Z = � �- �r�?�2�`�2� F Z ���M�/� F Z �/�2�M�Q�i�2 �i�?�2 �T���`���K�2�i�2�`�b �B�M �i�?�2

�T���`���K�2�i�2�`�B�x���i�B�Q�M �Q�7�6�`���M�+�[ ���M�/ �w���F�Q�[���M�U�k�y�R�k�V�X �a�B�K�B�H���`�H�v�- �i�?�2 �#�Q�m�M�/�2�/�M�2�b�b �Q�7 �i�?�2 �B�M�p�2�`�b�2

�K�Q�K�2�M�i �7�Q�H�H�Q�r�b �/�B�`�2�+�i�H�v ���H�Q�M�; �i�?�2 �H�B�M�2�b �Q�7 �G�2�K�K�� �e �Q�7�G�2�2 ���M�/ �>���M�b�2�M�U�R�N�N�9�V�X

�S�`�Q�Q�7 �Q�7 �h�?�2�Q�`�2�K�j

�*�Q�M�b�B�b�i�2�M�+�v�,�q�2 �b�?�Q�r �+�Q�M�b�B�b�i�2�M�+�v �#�v �p�2�`�B�7�v�B�M�; �i�?�2 �+�Q�M�/�B�i�B�Q�M�b �B�M �h�?�2�Q�`�2�K �j�X�9 �Q�7�q�?�B�i�2

�U�R�N�N�9�V �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2 �b�2�[�m�2�M�+�2f Q̂nT (� )gn2 N ���b �/�2�}�M�2�/ �B�M �U�N�V�X �a�T�2�+�B�}�+���H�H�v�,(i ) �h�?�2

�T���`���K�2�i�2�` �b�T���+�2� �B�b �+�Q�K�T���+�i�c(ii ) f Q̂nT (� )gn2 N �B�b �� �b�2�[�m�2�M�+�2 �Q�7 �`���M�/�Q�K �7�m�M�+�i�B�Q�M�b �+�Q�M�i�B�M�m�Q�m�b

�Q�M� ���H�K�Q�b�i �b�m�`�2�H�v�c(iii ) Q̂nT (� ) = n� 1
P nT

i =1 Q̂i (� ) ! �Q(� ) := E
�
Qi (� )

�
���bnT ! 1 ���H�K�Q�b�i

�b�m�`�2�H�v�c ���M�/(iv ) f �Q(� ) : � 7! Rg �?���b ���M �B�/�2�M�i�B�}���#�H�v �m�M�B�[�m�2 �K���t�B�K�B�x�2�`� 0 2 � �- �i�?���i �B�b�-

�Q(� 0) > �Q(� ) 8� 6= � 0�X

�*�Q�M�/�B�i�B�Q�M(i ) �?�Q�H�/�b �#�v ���b�b�m�K�T�i�B�Q�M�- �r�?�2�`�2���b(ii ) �i�`�B�p�B���H�H�v �7�Q�H�H�Q�r�b �#�v �+�Q�M�i�B�M�m�B�i�v �Q�7f ẑf
i (� )gi 2 Z

���M�/f zf
i (� )gi 2 Z �X �6�m�`�i�?�2�`�K�Q�`�2�- �7�`�Q�K �h�?�2�Q�`�2�K�R�r�2 �Q�#�i���B�M �i�?���iE

�
sup� 2 �

�
�
�Q̂i (� )

�
�
�

�
< 1 ���M�/

E
h
sup� 2 �

�
�Qi (� )

�
�
i

< 1 �X �h�?�2�Q�`�2�K�R���H�b�Q �2�M�b�m�`�2�b �i�?���i �i�?�2 �T�`�Q�+�2�b�bf ẑf
i (� )gi 2 Z �+�Q�M�p�2�`�;�2�b �2�X���X�b�X

�i�Q �B�i�b �b�i���i�B�Q�M���`�v ���M�/ �2�`�;�Q�/�B�+ �H�B�K�B�if zf
i (� )gi 2 Z �X �q�2 �i�?�m�b �?���p�2

sup
� 2 �

�
�
�Q̂i (� ) � Qi (� )

�
�
� � sup

� 2 �

�
�
� ln ẑf

i (� ) � ln zf
i (� )

�
�
� � � i � sup

� 2 �

�
�
� ẑf

i (� ) � zf
i (� )

�
�
� :

�q�� �T�8



�"�v �i�?�2 �K�2���M �p���H�m�2 �i�?�2�Q�`�2�K�- �i�?�2�`�2 �2�t�B�b�i ���M �B�M�i�2�`�K�2�/�B���i�2 �T�Q�B�M�if̂ ?
i (� ) �#�2�i�r�2�2�Mf̂ i (� ) ���M�/f i (� )

�b�m�+�? �i�?���i�- �m�b�B�M�; �G�2�K�K�� �k�X�R �Q�7�a�i�`���m�K���M�M ���M�/ �J�B�F�Q�b�+�?�U�k�y�y�e�V�- �r�2 �Q�#�i���B�M �i�?���i

sup
� 2 �

�
�
� ln ẑf

i (� ) � ln zf
i (� )

�
�
� = sup

� 2 �

�
�
� ln f̂ i � ) � ln f i (� )

�
�
� = sup

� 2 �

�
�
�
�

1
f ?

i (� )

�
�
�
� sup

� 2 �

�
�
� f̂ i (� ) � f i (� )

�
�
�

�
1

! f
sup
� 2 �

�
�
� f̂ i (� ) � f i (� )

�
�
�

e:a:s:���! 0:

�a�B�M�+�2E [� i ] = 1 �#�v ���b�b�m�K�T�i�B�Q�M�R�- �r�2 �+���M ���;���B�M ���T�T�H�v �G�2�K�K�� �k�X�R �Q�7�a�i�`���m�K���M�M ���M�/ �J�B�F�Q�b�+�?

�U�k�y�y�e�V �i�Q �;�2�i

� i � sup
� 2 �

�
�
� ẑf

i (� ) � zf
i (� )

�
�
�

e:a:s:���! 0:

�A�i �i�?�m�b �7�Q�H�H�Q�r�b �i�?���i
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 r ��� ẑf; �B�M�p

i (� ) � r ��� zf; �B�M�p
i (� )








e:a:s:���! 0;

�7�Q�` �b�i���i�B�Q�M���`�v ���M�/ �2�`�;�Q�/�B�+ �/�2�`�B�p���i�B�p�2 �T�`�Q�+�2�b�b�2�br � zf; �B�M�p
i (� )�-r �� zf; �B�M�p

i (� ) ���M�/r ��� zf; �B�M�p
i (� )�X

�S�`�Q�Q�7 �Q�7 �G�2�K�K���"�X�R

�q�2 �M�Q�i�2 �i�?���ir � f̂ i +1 (� ) �B�b �� �7�m�M�+�i�B�Q�M �Q�7 �#�Q�i�? �i�?�2 �}�H�i�2�`f̂ i (� ) ���M�/ �B�i�b �/�2�`�B�p���i�B�p�2r � f̂ i (� )�X �h�Q

�2�b�i���#�H�B�b�? �i�?�2 �b�i���i�B�Q�M���`�B�i�v ���M�/ �2�`�;�Q�/�B�+�B�i�v�- �r�2 �p�2�`�B�7�v �i�?�2 �+�Q�M�/�B�i�B�Q�M�b �;�B�p�2�M �B�M �h�?�2�Q�`�2�K �k�X�R�y �Q�7

�a�i�`���m�K���M�M ���M�/ �J�B�F�Q�b�+�?�U�k�y�y�e�V �7�Q�` �T�2�`�i�m�`�#�2�/ �b�i�Q�+�?���b�i�B�+ �`�2�+�m�`�`�2�M�+�2 �2�[�m���i�B�Q�M�b �U�a�_�1�b�V�X

�A�i �B�b �B�K�K�2�/�B���i�2 �i�Q �b�2�2 �i�?���i �i�?�2 �+�Q�M�/�B�i�B�Q�M�b �a�X�R ���M�/ �a�X�k �b�i���i�2�/ �B�M �h�?�2�Q�`�2�K �k�X�R�y �Q�7�a�i�`���m�@

�K���M�M ���M�/ �J�B�F�Q�b�+�?�U�k�y�y�e�V ���`�2 �i�?�2 �b���K�2 ���b �i�?�2 �H�Q�;�@�K�Q�K�2�M�i ���M�/ �i�?�2 �+�Q�M�i�`���+�i�B�Q�M �+�Q�M�/�B�i�B�Q�M �B�M

�h�?�2�Q�`�2�K �j�X�R �Q�7�"�Q�m�;�2�`�Q�H�U�R�N�N�j�V�- ���M�/ �i�?�2�b�2 ���`�2 �+�H�2���`�H�v �B�K�T�H�B�2�/ �#�v �h�?�2�Q�`�2�K�R�- �b�B�M�+�2 �i�?�2 �K���T�@

�T�B�M�; �7�m�M�+�i�B�Q�M� �
i

�
f̂ i (� ); r � f̂ i (� ); � i ; �

�
�?���b �}�M�B�i�2 �H�Q�;�@�K�Q�K�2�M�i ���M�/ �i�?�2 �+�Q�M�i�`���+�i�B�Q�M �+�Q�M�/�B�i�B�Q�M �B�b

�b���i�B�b�}�2�/ �#�2�+���m�b�20 < � < � < �� < 1�X �q�2 �i�?�2�M �Q�M�H�v �?���p�2 �i�Q �+�?�2�+�F �+�Q�M�/�B�i�B�Q�M �a�X�j �Q�7�a�i�`���m�@

�K���M�M ���M�/ �J�B�F�Q�b�+�?�U�k�y�y�e�V�- �i�?���i �2�M�b�m�`�2�b �i�?���i �i�?�2 �T�2�`�i�m�`�#�2�/ ���M�/ �m�M�T�2�`�i�m�`�#�2�/ �a�_�1 �+�Q�M�p�2�`�;�2

�b�m�{�+�B�2�M�i�H�v �7���b�i �7�Q�` �i�?�2 �/�B�z�2�`�2�M�+�2 �#�2�i�r�2�2�M �i�?�2�B�` ���b�v�K�T�i�Q�i�B�+ �b�Q�H�m�i�B�Q�M�b �i�Q �p���M�B�b�? �2�t�T�Q�M�2�M�i�B���H�H�v

�7���b�i�X

�h�?�2 �+�Q�M�/�B�i�B�Q�M �7�Q�H�H�Q�r�b �#�v �b�?�Q�r�B�M�; �i�?���i

sup
� 2 �








 � �

i

�
f̂ i (� ); r � �f 1(� ); � i ; �

�
� � �

i

�
f i (� ); r � �f 1(� ); � i ; �

� 








e:a:s:���! 0;

�q�� �T�R�8



�r�?�2�`�2r � �f 1(� ) �B�b �b�Q�K�2 �}�t�2�/ �b�i���`�i�B�M�; �T�Q�B�M�i �7�Q�` �i�?�2 �/�2�`�B�p���i�B�p�2 �`�2�+�m�`�b�B�Q�M�X �A�i �B�b �b�i�`���B�;�?�i�7�Q�`�r���`�/

�i�Q �b�2�2 �i�?���i �i�?�2 �M�Q�`�K �B�b �;�B�p�2�M �#�v

sup
� 2 �
















0

B
@

0

f̂ i (� ) � f i (� )

1

C
A
















e:a:s:���! 0:

���b r � ẑf; �B�M�p
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�q�� �T�k�j



�6�B�;�m�`�2 �.�X�R�, �a�B�K�m�H���i�B�Q�M �`�2�b�m�H�i�b �7�Q�`!̂

�l�T�T�2�` �T���M�2�H�b�, �F�2�`�M�2�H �/�2�M�b�B�i�v �2�b�i�B�K���i�2�b �Q�7 �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �i�?�2 �J�G�1 �7�Q�`� log(!̂ ) �7�Q�` �i�r�Q �U�+�Q�`�`�2�+�i�H�v
�b�T�2�+�B�}�2�/�V �b�+�2�M���`�B�Q�b �U�R�,� t �F�M�Q�r�M�c �k�,�̂ t �2�b�i�B�K���i�2�/�V�X �h�?�2 �F�2�`�M�2�H �/�2�M�b�B�i�v �2�b�i�B�K���i�2�b ���`�2 �#���b�2�/ �Q�M
S = 100 �b�B�K�m�H���i�B�Q�M�b�X �G�Q�r�2�` �T���M�2�H�b�, �b�+���i�2�` �/�B���;�`���K�b �Q�7�̂ �U�?�Q�`�B�x�Q�M�i���H�V ���M�/� log !̂ �U�p�2�`�i�B�+���H�V �7�Q�`
T = 50; 000�X

�U���V �T�/�7� log !̂ �- �i�`�m�2� t �U�#�V �T�/�7� log !̂ �- �2�b�i�B�K���i�2�/�̂ t

�U�+�V(�̂; � log !̂ )�- �i�`�m�2� t �U�/�V(�̂; � log !̂ )�- �2�b�i�B�K���i�2�/�̂ t

�q�� �T�k�9



�6�B�;�m�`�2 �.�X�k�, ���b�v�K�T�i�Q�i�B�+ �M�Q�`�K���H�B�i�v �7�Q�` �p�2�`�v �H���`�;�2 �b���K�T�H�2 �b�B�x�2�b�-T = 500; 000

�E�2�`�M�2�H �/�2�M�b�B�i�v �T�H�Q�i �7�Q�`� log(!̂ )�- �p�2�`�i�B�+���H �H�B�M�2 ���i �i�`�m�2 �p���H�m�2� log(1:5 � 10� 5)�X �"���b�2�/ �Q�M �R�-�y�y�y
�b�B�K�m�H���i�B�Q�M�b �m�b�B�M�; �i�`�m�2� t ���M�/� = 10%�X

�q�� �T�k�8
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