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Abstract

We propose a robust semi-parametric framework for persistent time-varying extreme
tail behavior, including extreme Value-at-Risk (VaR) and Expected Shortfall (ES).
The framework builds on Extreme Value Theory and uses a conditional version of
the Generalized Pareto Distribution (GPD) for peaks-over-threshold (POT) dynamics.
Unlike earlier approaches, our model (i) has unit root-like, i.e., integrated autoregressive
dynamics for the GPD tail shape, and (ii) re-scales POTs by their thresholds to obtain
a more parsimonious model with only one time-varying parameter to describe the entire
tail. We establish parameter regions for stationarity, ergodicity, and invertibility for
the integrated time-varying parameter model and its filter, and formulate conditions for
consistency and asymptotic normality of the maximum likelihood estimator. Using two
cryptocurrency exchange rates, we illustrate how the simple single-parameter model is
competitive in capturing the dynamics of VaR and ES, particularly in the extreme tail.
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For reliable inference on extreme tail behavior, Extreme Value Theory (EVT) is statistics’
favorite approach. It allows the researcher to infer the distribution’s extreme tail scale, shape,
quantiles, and expected shortfall levels by focusing only on the tail area and abstracting from
the density’s center; see, for example, Balkema and de Haan (1974), Pickands (1975), Hill
(1975), and Davidson and Smith (1990) for early key contributions, Embrechts et al. (1997),
Coles (2001), de Haan and Ferreira (2006), and McNeil et al. (2010, Ch. 7) for textbook
treatments, and Rocco (2014) for a survey. The key insights of EVT have by now been
extended from the i.i.d. cross-sectional setting to time series applications; see, for example,
Chavez-Demoulin et al. (2005), Chavez-Demoulin and Embrechts (2010), Einmahl et al.
(2016), Hoga (2017), Massacci (2017), de Haan and Zhou (2021), and D’Innocenzo et al.
(2024). This is particularly useful if EVT is applied for risk and capital buffer determination
in finance and economics, for instance, for the calculation of a predictive density’s 99.5%
Value-at-Risk (VaR) or Expected Shortfall (ES). Such measures may change rapidly under
changing market circumstances and distress.

This paper concentrates on modeling the time variation in the extreme tails of conditional
loss distributions. Thus far, models for the dynamics of extreme tail behavior have had to deal
with at least three major challenges: First, time variation in tail behavior requires dynamic
models for the tail’s starting point, its shape, and its scale, all of which are important
ingredients for the computation of high distribution quantiles. A joint dynamic model for all
these three ingredients quickly becomes quite complex, however, and one would benefit from
an approach that reduces the number of time-varying parameters to be modeled. Second,
a model for the dynamics of extreme tail behavior should ideally only concentrate on the
distribution’s tail area and avoid making assumptions about the behavior of the center of
the distribution. Finally, empirical estimates of continuously changing tail shapes typically

indicate that such time variation is a highly persistent phenomenon (see, e.g., Massacci, 2017;
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de Haan and Zhou, 2021; D’Innocenzo et al., 2024) with autoregressive dynamics that often
have (near) ‘unit root’ like behavior. This finding seems at odds with the typical stationarity
or mean-reverting assumptions made in the same papers. Thus far, a theory for so-called
‘integrated” models for tail risk dynamics seems to be lacking. Though results are available
for integrated volatility models (such as iGARCH, see e.g. Li et al., 2018 and Francq and
Zakoian, 2019) and particular location models (Blasques et al., 2024), no results are available
for the behavior of integrated models for shape parameters. In such a challenging setting,
it is natural to ask: can time variation in a time series’ extreme tail still be estimated
consistently? Can VaR and ES at high confidence levels be inferred simply and reliably in-
and out-of-sample? And does standard likelihood inference still apply or is it affected if tail
shape dynamics are highly persistent, i.e., integrated? Despite its practical relevance for fields
such as financial economics and actuarial sciences, as well as its theoretical importance, a
tractable, comprehensive framework to address such first-order questions is currently missing.

It is here that this paper makes its main contribution. We propose a novel robust,
semi-parametric, and dynamic framework with ‘integrated’ (i.e., persistent) time variation in
tail fatness for long univariate time series. The framework builds on results from the EVT
literature and uses a conditional Generalized Pareto Distribution (GPD) to approximate
the tail beyond a given threshold. The time-varying tail shape in our model is driven by
the score of the GPD density; see Creal et al. (2013) and Harvey (2013). As a result, the
model is observation-driven in the terminology of Cox (1981), and its time-varying parameter
is perfectly predictable one step ahead. In addition, the log-likelihood function is known
in closed form and allows for parameter estimation and inference via standard maximum
likelihood methods. Score-driven dynamics are known to be optimal in the sense of Blasques
et al. (2015).

Our approach is different from previous EVT studies (including D’Innocenzo et al., 2024)
in at least two major ways. First, we do not apply the limiting GPD result from EVT to the

peaks-over-thresholds (POTs), but to scaled POTs, where the scaling is done by the threshold



value. This stands in sharp contrast to — virtually all — earlier applications that typically
focus on unscaled POTs (see, for example, McNeil et al., 2010, Ch. 7, Christoffersen, 2012,
Ch. 6, Andersen et al., 2013, Hoga, 2017, and Massacci, 2017). The use of scaled POTs
has been remarkably under-explored in risk management, yet has an important advantage:
the limiting GPD approximation is now characterized by a single shape parameter and no
longer needs both a tail shape and tail scale parameter. The resulting statistical model is
parsimonious and much simpler to study theoretically and empirically.

Second, our model deviates from previous approaches in that we consider an integrated
score-driven filtering equation for the time-varying shape parameter. Empirically, when
studying for instance daily or intra-daily financial data, estimates of the autoregressive pa-
rameter for the tail shape dynamics are often indistinguishably close to unity, implying highly
persistent dynamics (see, e.g., Massacci, 2017 and D’Innocenzo et al., 2024). We study the
asymptotic properties of such an integrated model in detail, including stationarity and er-
godicity properties of the model and the filter, and consistency and asymptotic normality
of the model’s static parameters. This extends the work on integrated models for higher-
order moments from the volatility case (for instance, Jensen and Rahbek, 2004; Francq and
Zakoian, 2012, 2019) to the EVT setting.

To obtain the time-varying thresholds required for scaling, we use the recent approach
of Patton et al. (2019), which elicits VaR and ES simultaneously in a semi-parametric way,
concentrating only on tail observations and not making assumptions about the center of the
distribution. The method is therefore extremely useful for estimating threshold values less far
out in the tails, such as at 90% or 95% confidence levels. The method faces more challenges
for more extreme quantiles. It is here that our dynamic EVT-based GPD approximation
perfectly complements the approach of Patton et al. (2019), as our approach is precisely
geared towards modeling the extreme tail quantiles.

We obtain two theoretical results. First, we show that under mild regularity conditions,

the tail shape parameter and the data are asymptotically stationary and ergodic. Moreover,



we characterize the invertibility region for the tail shape filter. Interestingly, while the tail
shape parameter has integrated dynamics and no finite unconditional mean to revert to,
the ratio of the true and the estimated tail shape parameter is well-behaved, asymptotically
stationary and ergodic, and has a finite unconditional first moment. We also show that the
intercept in the DGP for the time-varying tail shape needs to be strictly positive to rule out
degenerate limiting behavior of the tail shape. Second, we show that the maximum likelihood
estimator for the model’s static parameters is strongly consistent and asymptotically normally
distributed under mild regularity conditions, despite the integrated dynamics. This remains
the case even if the number of POTs in the sample is treated as random. We confirm the
theoretical findings in simulation experiments.

We illustrate the model using two hourly cryptocurrency exchange rates from May 2018
until August 2025, thus including the so-called “second crypto winter” of 2022. We find
that the tail shape parameters vary over time, with the adverse left tail’s shape parameter
ranging between 0.3 and 0.6, implying the existence of between 1 and 3 integer conditional
moments, depending on the period, and thus the presence of extremely fat tails. Tail market
risk estimates responded strongly to the collapse of the Terra/Luna cryptocurrency in May
2022 (see, e.g. Uhlig, 2022), the collapse of the cryptocurrency intermediary FTX in June
2022, and the collapse of the crypto intermediary Celsius in November 2022. An out-of-
sample evaluation exercise, performed for these data and for different combinations of EVT
thresholds’ and risk measures’ tail probabilities, suggests that our new method performs well
in the extreme tails when the thresholds (less far out in the tail) are chosen dynamically by
the method of Patton et al. (2019). In addition, despite only having one parameter, our new
and more parsimonious EVT model behaves at par and sometimes better in the extreme tail
than the two time-varying parameter model of D’Innocenzo et al. (2024) and is also easier to
estimate.

The four papers closest to ours are Massacci (2017), Patton et al. (2019), de Haan and

Zhou (2021), and D’Innocenzo et al. (2024). de Haan and Zhou (2021) propose a fully
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non-parametric approach to estimating a continuously-changing extreme value index locally
from independent but non-identically distributed POTs. Our paper is different in that we
adopt a semi-parametric perspective, using a parametrized, integrated filtering recursion to
recover persistent time variation in the tail’s shape. Massacci (2017) and D’Innocenzo et al.
(2024) both study score-driven approaches to filtering the extreme tail’s scale and shape.
Our paper is different in two important ways, in that we propose a particularly parsimonious
statistical model (featuring only a single time-varying parameter), and focus on the case of
integrated time variation in the tail. Finally, unlike Patton et al. (2019), our tail VaR and
ES dynamics explicitly account for fat tail shape beyond a threshold as emerging from EVT.
Our score-driven dynamics contains weights for extreme observations, which are absent in
the elicitable score functions of Patton et al. (2019). The resulting dynamics in our model are
more robust, particularly for the ES. Formulated differently, our approach and that of Patton
et al. (2019) complement each other. Whereas Patton et al. (2019) provide an appropriate
semi-parametric framework to estimate time-varying thresholds less far out in the tails, our
approach enables the identification of time variation in risk measures in the extreme tails
beyond these thresholds.

Section 2 presents the statistical model. Section 3 discusses the asymptotic properties
of the model and of the maximum likelihood estimator. Section 4 studies the model’s per-
formance in simulation experiments. Section 5 applies the model to two cryptocurrency
exchange rate returns. Section 6 concludes. Proofs and additional results are provided in a

web appendix.
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where T denotes the number of observations of X;. We are interested in describing the
conditional extreme right tail behavior of X;. We do this by adopting an Extreme Value
Theory (EVT) perspective. This allows us to only concentrate on the conditional tail behavior
of X;, leaving any changes in the center of the distribution unmodeled as these are not relevant
for our prime objective: estimating the extreme conditional quantiles of X;. For our main
result, we formulate a conditional version of the Pickands-Balkema-de Haan Peaks-Over-
Threshold (POT) theorem. This theorem describes the behavior of X; in the far-out tail
area, i.e., for values of X; above some high (possibly time-varying) threshold ;. Following
Theorem 1.2.5 of de Haan and Ferreira (2006), the conditional extremal behavior of a random
variable X; that lies in the domain of attraction of a (heavy-tailed) Fréchet law with tail shape
T; > 0, can be described by
e

imP X,> ,+ fx,jX,> sF 1 = 1+fx ;

¥ L

to the reciprocal of the tail shape, 1=F;, as the tail index. Distributions that satisfy this
condition comprise most fat-tailed distributions used in economics and finance, such as the
Student’s t distribution, the (generalized) Pareto distribution, the log-gamma distribution,
the F distribution, and many more (for further discussion, see e.g. Johnson et al., 1994,

Embrechts et al., 1997, and McNeil et al., 2010, Ch. 7.3.)

4, where Nnp < T denotes the number of POTs. We now define the scaled POTs Y; as



Y, = X t =4 = Xy = 4+ 1 Yo Substituting Y; into the above limiting result and

defining f; = f;,, and y; = f;,X;,, we obtain for y; > 0 that

Tt|.|£n1 PY.>y,]F, 1 = Tt|i|£n1 P Y>>y Y, >0, F;

= Ilm P ti+ tiYi> ti+ tiyij ti+ tiYi> ti;Fti 1

Tt; i

— lim P Xti > ti+ tiyijxti > 4 Fti 1 — (1+yz) 1/fi; (1)

Tt; L

which yields the generalized Pareto distribution (GPD) as a limiting approximation for the
conditional distribution P(Y; >y, J F;, 1) of the extreme tail of the scaled POTs Y,;.

The advantage of using scaled POTs Y, = (X, #)= 1, rather than their unscaled
counterparts (X +) is that it considerably simplifies the resulting expression for the
distribution function in (1) for the extreme tails compared to, for example, Massacci (2017)
or D’'Innocenzo et al. (2024). In particular, the expression in (1) is characterized by only
one time-varying conditional tail shape parameter f;, rather than by both a tail shape and
tail scale parameter as in earlier papers. This simplification proves particularly helpful when
deriving the asymptotic properties of the model and the maximum likelihood estimator later
on. Empirically, the result requires that we look sufficiently far into the tail, as the result
builds on the limiting result of de Haan and Ferreira (2006), which states that the tail scale

can be written as F; , for sufficiently large ;.
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We allow the tail shape to change gradually over time. In particular, we assume that f;
possibly changes each time a POT materializes: ; = f; if t =t;, and f; = F; | otherwise. It
is then, and only then, that we obtain information about the tail shape behavior of Y; and thus
Xy,. In all other cases, we only obtain information about the center of the distribution of X,

which is irrelevant for the time variation in the extreme quantiles. We make the simplifying



assumption P(Y; > vy, J F;, 1) = P(Y; >V, ] F;, 1) with F, 1 = F;, ,, i.e., the conditional
distribution of the extremes is not affected by intermediate, non-extreme observations X,
fort=1t, {+1;:::;t, 1. We can then introduce score-driven dynamics for f; as in Creal
et al. (2013), with f;,.; =1+ F,+ s, for i 2 Z, where s; is the inverse information scaled
derivative of the log predictive GPD tail density. Transforming the cdf expression in (1)
into a conditional pdf p(y; j F; 1) =F, ' (L +vy;) i "1 for y; > 0, we obtain the following
expression for the scaled score,

B In(E) £ '+1In(l+y)

1
ne Bf, SgneTw

1-
f,’
|11=E r‘? le =f22, Si=I‘11 I"l=|n(1+yl) f,L

In this paper, we are particularly interested in filtering the tail shape parameter f; from the

data using an integrated (= 1) score-driven filtering equation,

for 1 2 Z, i.e., a model where we have set  equal to unity rather than to a value inside the
unit interval as is commonly done in the literature. The last equation highlights this further
by spelling out the scaled score s; = In(1 +y;) T, and rewriting the expression such that
the coefficients 1 and in front of f; and In(1 +vy,), respectively, add up to 1 as in
the iGARCH literature (see, e.g., Francq and Zakoian, 2019). Note that if f;; > 0 for some
i02Z,and ! >0and 0 < <1, then f; is non-negative for all i .

We use the terminology integrated score-driven model similarly as in the integrated
GARCH (iGARCH) literature. Whereas iGARCH models have been well-studied (see, e.g.,
Francq and Zakoian, 2019, and references therein), integrated score-driven models have thus
far hardly received any attention. This is remarkable given the fact that empirical estimates

of  for score-driven models are often quite close to unity. In a recent paper, Blasques et al.



(2024) study an integrated score-driven filter in the particular setting of a time-varying lo-
cation model for a mixture of two normals. Properties of integrated score-driven models
for time-varying parameters beyond the location-scale setting, however, are to the best of
our knowledge absent from the current literature. Integrated tail shape dynamics and thus
a slowly time-varying tail shape f; make perfect empirical sense, however, particularly for
longer time spans of highly frequent data such as daily or intra-daily data.

The presence of an intercept ! in (2) when f; has a unit autoregressive coefficient may
seem strange at first sight. It is not always standard (see, for example, the ZD-GARCH
models studied in Li et al., 2018), but has been shown to be important before in a time-
varying volatility setting (see e.g. Francq and Zakoian, 2012, 2019). We show in Section 3
that a non-zero intercept ! > 0 is crucial if one wishes to interpret the score-driven tail
shape model as a data generating process: without it, convergence of f; to its stationary and
ergodic limit always results in degenerate, thin-tailed tail behavior with f; =0 for all i 2 Z.

Given the observation-driven nature of the filtering equation (2), an explicit expression
is available for the likelihood function. Estimates of the model’s static parameters can then
be obtained by standard maximum likelihood methods. We gather all the model’s static
parameters in a parameter vector = (!; ) and write down the likelihood function and the
maximum likelihood estimator (MLE) . for the POTs only,

1 X

S =argmax (o (), G ()= =
620 Ny

SO (3)

i=1

8(y= Inf() 1+% InL+y.);

i

where we use the slightly more precise notation ﬁ( ) to denote the filtered outcomes as a

function of the static parameters,

fia()=1+fi()+ In@Q+y) fi() ; (4)



evaluated at some inside the parameter space  and initialized at some f, >o0.
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Evaluated at their maximum likelihood estimates, the filtered values ﬁ(AnT) can be used to
compute familiar risk quantities like extreme tail VaR or extreme tail ES using the GPD
approximation; see, for instance, McNeil and Frey (2000), McNeil et al. (2010) and Rocco
(2014). Let  denote the right-tail probability used to define the right-tail threshold ., i.e.,
P(X;> ;] F; 1) = . Then we can estimate the conditional VaR and ES at a more extreme
right-tail probability level < by

Je(nr)

VaR! "X, jF, )=, — , (5)

t

VaR! "X ) Fy 1).
N A J
1 f(n)

ES' "X, jF; 1) = (6)

e.g., the percentage of POT observations up to time t. Alternatively, one can replace
directly by the postulated nominal POT probability . The expressions (5) and (6) differ
from those in, for instance, McNeil et al. (2010) and D’Innocenzo et al. (2024) owing to the
use of scaled POTs Y, = (X;; )= ¢ rather than their unscaled counterparts (X;,  ); see
Web Appendix C for derivations. In particular, our expressions only require the estimation
of the tail shape parameter 1%(/\,”), and not of any auxiliary tail scale. Due to the result
of de Haan and Ferreira (2006), the expressions coincide again if one uses ﬁ(AnT) ¢ as a tail
scale parameter in the former papers.

Given the straightforward formulation of the filter for f;( ) in (4), (5)-(6) directly yield
our desired filtered extreme risk measures. These filtered VaR and ES estimates differ in
an important way from those in Patton et al. (2019). Whereas the approach of Patton

et al. (2019) is very useful for less extreme quantiles, the current EVT-based filtering model
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with integrated dynamics has important advantages for capturing time variation farther out
in the tail. A major advantage of the elicitation function used by Patton et al. (2019)
for characterizing the tail quantile and expected shortfall is that it does not hinge on any
(possibly incorrect) distributional assumptions. At the same time, the approach comes with
a similar limitation for risk assessment as historical simulation has compared to EVT-based
methods: historical simulation cannot capture the extreme tail shape beyond the highest
realization; see, for instance, McNeil et al. (2010). A similar risk exists for the time variation
in VaR and ES using Patton et al. (2019) at extreme quantiles: there, only few POTs are
available (if any at all), resulting in only few changes in the dynamic VaR and ES estimates
using their approach.

We still consider the methodology of Patton et al. (2019), or one similar to it, as key
to our analysis, but mainly for the determination of the (less extreme) thresholds ; see
Sections 4 and 5. Its advantages are (i) its reliance on very few distributional assumptions,
and (ii) its use of much higher exceedance probabilities (10% or 5%) and thus the occurrence
of a sizable number of POTs to capture the time variation in the thresholds ;. Beyond
these ‘less extreme’ thresholds ;, however, we exploit the shape of the EVT-based GPD
to go much deeper into the tail. The latter has two advantages. First, we lean on the
theoretical insight that the POTs of fat-tailed distributions (i.e., that lie in the domain of
attraction of a Fréchet law) are themselves fat-tailed. Using the score-driven dynamics in
(4), this information is directly exploited when filtering the tail shape values from the data,
resulting in a milder impact of extreme exceedances on the tail shape. Second, we can use
all the observed POTs at these less extreme exceedance levels for filtering the time-varying
tail shape and thus the extreme ES. As a result, our filtered extreme ES values based on the
GPD EVT approximation may vary much more smoothly over time compared to when they
would have been estimated directly using Patton et al. (2019).

Both features are illustrated in Figure 1 using a small simulation experiment for a high

99.9% confidence level. We simulate a large sample of T = 100; 000 observations from a
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/IQ2b MQi /2TZM/bQRK q2# TT2M/@t /2°Bp iBQMXcdIHQM; 1bh
TT Q +? "2 +ibiQ 2ti'2K2 SPhbBM +QM+ p2- "Q#mbir viQi?2/ i, I
QmiHB2 b K vQ++m ™ /22T BN;{i®b?7BiBH b2fiBR2mHb-H2bb bi " QM;HvV i(
bm+? QmiHB2 b- "2bmHIBM; BM KQ 2 bi #H2 T ii2°M 7Q" 2ti 2K2 o
M/ U/VVX 6Q iviB+ H2KTB B+ W 2BIBXbiBIKUA2HIiB)OIr p HM2- bm+?
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i?72 BM2[mm<HBE® 2 bBHv b iBb}2/ M/ i?2 Q#mbiM2bb Q7 i?2 1oh TT «

] bvKTiQiB+ #2? pBQ"

h?Bb b2+iBQM bim/B2b i?2 bvKTiQiB+ TRQ TR/NBX bq® 3 iRi2/ K'@/RH U
+QM/BiBQMb 7Q" bi iBQM “Biv M/ 2 ;Q/B+Biv Q7 i?2 KQ/2H M/ i?2 |
+ M i?2M #2 mb2/ iQ 2bi #HBb? i?2 +QMbBbi2M+v M/ bvKTiQiB+ M
HBF2HB?QQ/ 2biBK iQ  7Q" i?2 KQ/2H6b bi iB+ T ~ K2i2'bX AM Qm
i F2 i?2 i?°2b2QH{Bp2M M/ bbmK2 i?°Qm;?2Qmi i? i i?2v 7Q K bi
2°;Q/B+ T Q+R@b>rR)i?p>0-bm+?i? ii?2°2Bb Hr vb MQM@x2'Q T'C
Q#b2 pBM; SPh M/- iy !12bnHKiQbi bm 2HvX g2 }'bi T°2b2Mi HH b
"2bmHib 7Q° /2i8f KBMBbHB2M- mbBM; "2+2Mp 12 BdIi RAQ EHEX
G2KK RV-r2:2M2° HBx2i?2 2 "HB2  "2bmHibnXi22HiBiQBS; rBi? ° M
/IBb+mbb ?Qr r2 2BBIKQIA" bBKmH iBQMb M/ 2KTB'B+ H TTHB+ iBQM
q2 }'bi /2}M2 irQ ° M/QK p "B #H2b- M K2Hwu bUM@A)-/ MMB7Q K
bi M/ */ mMBi 2tTQM2IMIB ) E xp(1)X .2}M@;jf)=1 (1+y) &
bi?2 2tT ' 2bbBQM 7Q" i?2 i BH :S. TR XQtEKHBRQMN MK 22 i'm2
iBK2@p "VBM; i BHb? T2 T ° K2i2°BMi?2 .:S b +? > +i2 Bx2/ #vi?2
P2+i@X g2 b?QrH i2{kPBbi?2mMB[m2bi iBQM v M/ 2 ;:Q/B+ HBKBI C
+QmMIi2fiTo) i7" QKWW BMBiB HBx2/ filXQK2 }t2/
IbBM; i?2b2 /2}MBiBQMb- r2 Q#i BM

Glyijfi(o)=u=1 (1+y) ¥ Inl+y)= In1 u)= i UdV

1
fi( o)
M/ i?mb

fiss(o)='to+fi(o)+ o INL+y) fi(o) ='o+ 1+ o(i 1) fi(o); U3V
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7Q2ZX g2 K F2i?2 7QHHQrBM: bbmKTiBQMbX

bbmKTiBQMRBRXBb M BM/2T2M/2Mi M/ B/2MiB+ HHv /Bbi B#mi2/ U,
r?2°'22 +?2 b mMBIi 2tTQM2MiB H /Bbi B#miBQMX

bbmKTiBQM?2KRXT ~ K2i2' bT +2 b iBpOzhH ! 1< 1 -0<
< 1g- M/ i?2 i m2 p2HBE X

"Qi? bbmKTiBQMb "2 KBH/ M/ [mBi2 biRMQWdn HbibKiPiB €M+ M
'2M2° i2i?2 MQM@HBM?2 " iBK2 b2 'B2b/vM KB+b 7Q  AXMERHR? T2 |
T'Q+2bb iQ i?2 BMp2'b2 +/7 Q7 i?2 :S. iQyQ#hBM 22 HBB XBIBRM I 7?
722/ BMiQ i?2 M2ti i BH b? T2 T ° K2i23vpB bD2n KZkiBIHE QM U/

M/ 2bi #HBb?2b i? i i?2 T ° K2i2  bT +2 Bb +QKT +i M/ i? i i?2 i'm
Bib BMi2 ' BQ X ; BM- i?2 "2bi'B+iBQMb QM i?2 T 1 K202 MJdT +2 "2
0< < 1DQBMiHvV 2Mbm 2 i? ii?2 i BHb? T2 T * K2i2' "2K BMb MQM (
Qi7X q2 MQr Q#i BM i?2 7TQHHQIrBM; i?2Q 2K-r?B+? 2bi #HBb?2b UBV
Q7i?2 ki M/ Q7 i?2 MmMBMBiB HBx2/ i 'm2 iBK2)@ fJ BEBWB NI p2 Ki Bi#2B H B
i?2 }HfR2) bi “i2/fi M/ 2p Hm i2/ i ;2M22B+cp M/MEBBBYV i?2 2tBbi2M+
TT QT B i2 KQK2Mib iQ 2bi #HBb? i?2 +QMbBbi2M+v Q7 i?2 K tBKmk
QMX HHT QQ7b "27QmM/BM q2# TT2M/B+2b M/ "X

h?2Q 2K R/ 2° bbmKTRIKQMb7& 11

UBiY2 KQ/2H Bb bi iBQM v M/ 2;Q/B+- BX2X-1i?2 2 2tBbib mMB [
bQHNiBRM K iQUWV M/BL KQ 2Qp2 -i?2°2 2tBbib 0Qm2DK?HH
Eif (0" <1 ME In(l+y) '<1c

UBBMIN* In(1+y;))<1 -i?2M i?2 KQ/2H@BKTHB2/ }Hf{)Bb PONV22 " iB#H2- E
#vlOV M/ BMBiB BBxQM{E2 ;:2biQ mMB[m2 bi iBQM “Vi;(M/ 2 ;Q/B+
MMB7Q KHe Qp2°
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UBBBY iBQ T2AIH2Dbi( o)=fi() +QMp2-;2b iQ mMB[m2 bi iBQM v M,
bQHMABQM fi(0)=fi( )X JQ 2QFR)- M/I=Z() ? p2 }MB@2? Q /2"
KQK2Mi- mMB7Q KHY QR0 X

'Bp2M i?2 KQ/2H6b bi*m+im 2- i?2 irQFb BIKKTH2{ H2b hOK @ #B BWbbi @
iBOQM "Biv M/ 2 :Q/B+Biv Q7 i?2 iBK2@p 'VBM:; i BHb? T2 BM i?2 .:¢
HbQ :Bp2b "Bb2 iQ i?2 7QHHQIBM; +Q QHH “vX

*Q QHH "WMJ/R®' bbmKTRBRMbM/ 7@11

UBB/, =0-i?2 bi iBQM “v M/ 2 :Q/BiH BQH mBilB}@R) FOQO U XbXV 7Q°
Hild

UBB®5>0-i?2 bi iBQM v b@QHgiRQ@AM MQi ? p2 IMBi2 } bi KQK2MiX

h?2 MQM@x2 Q BBNI2»2T5 Bb i?mb M22/2/iQ Q#i BM MQM@/2;2N\

#2? pBO{ QX h?2 BMimBiBQM 7Q  i?Bb Bb BKK2/B i2HV +1HPB+7 QK i’
Bb +QMi  +iBM; miQ 2; 2bbBQM Q7 Q' /2 QM2 rBi? "QmMPQRH Q2{+
WRNMj h?2QR2Ki #HBb?2b i? i Bi ? b bi iBQM v . M/ 2 ;Q/B+ bQHm
fi(o) =0- 12 + M b22 i? i i?Bb Q#pBQmbHv Bb + M4(BY0OX bPRmMiBQM
+Q QHH v i?2M 7QHHQrb BKK2/B i2Hv 7°QK i?2 mMB[m2M2bb Q7 i?
b b?QrMa#vmK MM M/ JBIE,QBX?"V i FBM; mM+QM/BiBQM H 2tT2+i il
H27i M/ KB//H23V 7IQQ70U M/ mbBM; i?2 7 +ii? ii?2b+ H2/b+Q 27?2 b -
2tT2+i iBOM x2 @[5 Ip2 o+ E[fi( )] X Ai i?2M HbQ 7QHHG#bYB 2+iHv i
+ MMQi ? p2 }MBi2Xaxm B7

h?2 b2+QM/ T i Q7R2DAFRREBb?2b i?2 BMp2 iB#BHBivQ@HT2 @Hi2 |
KQK2Mi +QM/BiBQM-r?B+? Bb p2'vr2 FX bi?2}'biT iQ7i?22i?2Q
i? ii?2 /0 ;2M2 i2/ #v i?2 KQ/2H Bb bi iBQM “vinM¥ @) :DbB+ M/ i?
bK HH KQik2M2 }Hi2  Bb BMp2 iB#H2 ii?2 .:SX AMp2 iB#BHBiv- ?Qrz
bi iBQM v M/ 2 RIB+H@HQ;@KQK2Mi- K2 MBM; i? i Bi +QMiBMm 2|
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KQ/2H Bb KBb@bT2+B}2fX) HODOMIQR1?2p2 }MBi2 }'bi mM+QM/BiBQM
i i?72 .:S- b BiBb/'Bp2M #V i?nBMMQSpfiBOM- r?2°2? b mMBi
2tTQM2MiB H /Bbi'B#miBQMX h?2 }'bi T "i Q7 i?2fi(?c QQ2K MQ2 /v Bk
? p2 }'bi KQK2MiX

6BM HHv- i?2 i?B"/ T "iRFQMOBI22K i?2 b+ MERY T 10 2hb) X
h?Bb T°Q+2bb ? b }MBi2 KQK2Mib M/ BMp2 b2 KQK2Mib Q7 “#Bi “v
fi() MFfi() /Q MQi- M2B§MQ i2 noX h?2 BMi2 2bi BM2JPR Bidk#2bb
7°QK +QMbB/2'BM; i?2 +2Mi° HBx2/ HQ;@HBF2HB?QQ/ 7mM+iBQM m

c3nT():CnT() I—nT(O): - Ql()

XT
= INfi() @+ fi() HIn(@+ yi)+In fi( ) +(L+ fi( o) HIn(L+ y;)
i=1
X (o) fil o) X f
= | it i = | Zi i 2‘| 1 : UNV
RO RO a0 O

92 HbQ /M= Ly () Ln(0)- M/ /2}@@R) bBKBHY()Q #mi rEi(?)
“2TH +2/ #v Bib bi iBQM v M()2X;®/iP2 KBBKIEXxZ)Bb i?2b K2 b
i?2 i @7, ()-i?22 T QT2 ABIbrQW #2 mb2/iQ /2'Bp2i?2 T°QT2'iB2b Q7 i-
T "iB+mN +HJ 'B}2b i? i +QMbBbi2M+v "2bmHib + M #2 Q#i BM2/ B7
2()X h?Bb Bb T'2+Bb2Hv r? ii?2 H BRHi "# Q5 bP20&K (R QQ2l? M Qi
? p2 }MBi2 }'bi KQIK2Ni TRMQ K HBXQ#Zbh=fi( o)=fi() ? b }MBi2
KQK2Mib mT iQ “#Bi® "vUTQbBiBp2V Q /2 X

g2 + M MQr 2bi #HBb? i?2 7TQHHQrBM; "2bmHi 7Q" i?2 K tBKmK HB
KQ/2H6b bi iB+ T ° K2i2 b mbBM; i?2 BMi2;  i2/-b+Q 2@/ Bp2M }Hi2

h?2Q 2K |M/2° bbmKTHEBKQMb 7@ !1 - i?2 JG1 Bb bi'QM;Hv +QMbBb
AN M/ bVKTIQiIB+ HHv MQ' K HHWYBhI“B#m N/ 10BiR( o) *

nr - 0

7Qr11l -r?22129= E@Q(o)=@@ /2MQi2bi?2 MQM@bBM:mH "~ 6Bb?2
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iBQM K i"BtX

h?2Q 2KHHQrb 7Q° M BM72 2MiB H 7 K2rQ F 7Q i?B7F2AM2}Hi2 B
KQ/2H Bb bT2+B}2/ +Q "2+iHvX LQi2 i? i i?2 +Q "2+i bT2+B}+ iBQM
i?72 1oh T2 ' bT2+iBp2 M/ i?2 HBRBiBMtQ RIh mHi RMQUB;BM H / i HB2
/QK BM Q7 ii° +iBQM Q7 6°0+?2iH rX h?BbBb Km+?r2 F2 i? M BM
bbmKTiBOM Q7 +Q " 2+i bT2+B}+ iBQM KB;?i #2 /22K2/ Qp2 Hv “2bi
7Q° bQK2 7Q K Q7 KBb@bT2+B}+ iBQM QrBM; iQ- 7Q° BMBIMM+2- i?:
i?72 7TQHHQrBM; r vX h?2 K BM “;mK2Mib BWIiQ®R BT i@Q7?M?R/Q 2K G
bF(y) =1 (1+y) ¥l =1 exp( ) 7Q° bQ¥WAZ igoz i? i Bb MQi M2+2bb " @
BHv mMBi 2tTQM2MiB HHv /Bbi B#mi2/ b BM i?2 +QE[2+=HV bT2+B}.
ME[# <1 X h?2 "2bmHi Q7jh?2@ RIR2/b iQ #2 bHB;?iHv [/ Ti2/ #v "2
i?72 bvKTiQiB+ +Qp "B Myr2&K BBt mbm Hb MI(B¥2TQIK,) -
r?2°2(o)= E (@Q 0)=@) (@Q 0)=@)> /2MQi2b i?2 2tT2+i2/ Qmi2 T Q/m+i
/IB2MibX h?2 bBKmHIBQPRaPBiBDMM2p2M KQ 2 b2p2 2 7Q Kb Q7 KBb@
b?Qrb i? i i?72 bvKTiQiB+ MQ K HBiv TT QtBK iBQM rBi? i?2 b M/rE
+QMiBMmM2b iQ ;Bp2 /2[m i2 "2bmHib 7Q  BM72 ' 2M+2 BM bm+? b2iiB

IMIiBH MQr- r2 +QWbR/2 d/ /2i2 KBMBbiB+ b2fmBMBM?2 12 MiHV
CM/QK-2?2Qr2p2 - #2BM; /2i2 ' KBM2/ #v i?2 MmMK#R? DT IRMDNMVD i Q iBK
i?72 +QMbBbi2M+v M/ bvKTiQiB+ MQ K HBiv '2bmHibiQ i?2b2iiBM; (
#v TTHVBM; G2KKp REX7 2 Kiy KBX

h?2Q 2K AW/ 2° bbmKTRBQ®™M K tBKRxQ, () BMVBb +QMbRbif2Mi-
o M/ bvKTiQiB+ HHv MQ K I—?TBﬁ]ir‘B%m)iMIrBi?:ll(o) (o)l (o)1
bT!1 - r?2h2=T1%*% c2 (0;1]X
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9 aBKmH iBQM bim/v

9XRaBKmH iBQM /2bB;M

h?Bb b2+iBQM BMp2biB; i2bi?2T2'7Q°K M+2 Q7 Qm  /vM KB+ 1oh K¢
q2 7Q+mb QM i?2[m HBivQ7 i®mMI2MBIR2A2QT +vQ7i?2 bvKTiQiB+ MC
TT QtBK iBQMX h?2 bBKmH iBQM bim/v BMpQHp2b i? 22 b2iiBM;b U
HHi? 22 b2iiBM;b-r2 ;XM2QiR /KBtim 2 /Bbi ' B#miBQMX qBi? T Q# 1
r2/°r7°QK bi M/ '/ : mbbB M : *>UR-RV (BI?0D7,0:32PK2 1b? 2
T K2i2°b "2 +?2Qb2M +HQDb2 iQ i?2 p Hm2b 7QmM/ #v 2biBK iBM;
KQ/2H 7Q° 2KTB B+ H 2t+? M;2 " i2bX2qBi? T R i#BBHBQ@#b2 p iBQM
Xy, = expii)-r?2°2 Bbi?2 +Q "2+i[m MiBH2 7'QK i?2 mM/2 HvBM; bi
: _*>UR-RVi? iBbmb2/iQ ;2M2" i2i?2 Q#b2 p iBQMb 7' QK i?2 +2Mi:
Bbi?2i BH b? ;TR NI M/ '/ mMBi 2tTQM2MiB H ™ M/QK p "B #H2X

AM b2iiBM;b R M/ k-r1r2 H2i i?2 iBK2@p VvBM; i BHb? T2 #2 ;2M2
b2Mi2/ BM ak viBRMI1:5 10° M/ =0:01- BM HBM2 rBi? T ° K2i2'b 7QmM/
"h*fla. M/ 1h>fla. 2t+? M;2 " i2b Bga2KBBM+ HBHHmMmbi® iBQMbX
2M+2 #2ir22M i?2 } " biirQ b2iiBM;b Bb i? ir2 mBMiRP22i} b2 b2i2BMQ HJb
}JHi27i?21 BHT ~ K2i2 b- M/i?2 2bMNBK B2/ (@M2QNVOHKHRNBM i?2
b2+QM/ 2tT2 ' BK2Mic b22X®hAB B2 HHBQ@MN mb iQ bim/v i?2 2z2+i Q7 i?2
Q7 i?2i? 2b?QH/b QM i?2 "2bmHibX

AM i?2 i?B°/ b2iiBM;-r2 H2i i?2 HQ; 'Bi?K Q7 i?2 iBK2@p "vVBM; i
;2M2° 12/ #v M miQ 2; ' 2bbBp2 KQ/2H Q7 Q° /2 QM2-rBi? bi i2 2[m i

log(fi)= 0:01+0:99 log(f; ;) +0:06 ; y;
r?212ig,, Bb MAAMQBDb2b2[m2M+2 M/7222 Bi2M/? /: mbbB M/Bbi B#miE
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h?2 KQ/2H Bb i?mb KBb@bT2+B}2/- M/ r2 BMp2biB; i2r?2i?2 i?2 KQ
i?72i"m2iBK2@p "VBN; M/ rR2i22  i?2 2bMBKBERMH #2? p2b r2HH +QKT
iQi?2+Q "2+iHVbT2+B}2/ b2iiBM;c b22 i?3XBAoM ibbiBQMi BNM2 * MR Q
Bb biBHH BMp2 iB#H2- #mi i?2 2biBK iQ Q7 i?2 bi iB+ T > K2i2 b QM
P HM2X h?2 H ii2° Bb +?2Qb2M bm+? i? i i?2 KBb@bT2+B}2/ }Hi2 2/ K
'S b +HQDb2HV b T Q bib B2 P7REC miM 2 2k yK&X

AM HH i? 22 b2iiBM;b- r2 +QMbB/2  irQ p2 'bBQMb Q7 i?2 KQ/2H,
i72 BMi2 +2Ti T!-KRi20QM2 BM r?B+? r2 }t Bi i bQK2 “#BE ‘v bK HH
107X h?Bb HHQrb mb iQ BMp2biB; i2 i?2 2z2+i Q7 BM+HmM/BM; Q" }tB
ivTIB+ HHv 2biBK i2/ +HQb2 iQ x2 QX h?2 ~2bmHIbbDKRQ HRIQr v? i ]
bK HH MmK#2  /m BM; 2biBK iBQM K v bQK2iBK2b BKT Qp2 i?2 bi #
}MBi2 b KTH2bX h?Bb Bb BM HBM2 rBi? i?2 }JHH@BM bvKTiQiB+b °
BNM2miM2  20kytk® M/ 2 "HB2  “2bmHib 7Q" :L2%+b)QiN2 M /BARINN D"
RNM8r?B+? HH bRQ+ MEIBHHIZ2QMbBbi2MiHV 2p2M i?2Qm;? i?2 }H
UBM+HmM/BM; i 22VpKHmM22Q/¥M KB+ HHvV KBb@bT2+B}2/X q2 +QMbB/
b KTH2 bB225090Q010000250005000¢y M/ =10% Q#b2 p iBQMb +QKBM; 7 QK
i BHX hQ;2i?2 rBi? i?2irQ /Bz2 2Mib2D+BEK+i2BQMPt/ABiP?Bb vB2H/
iQi H3Q# 2=24 bBKmH iBQM 2tT2 ' BK2MibX 1 +? 28E208 KRKIZBY ~2T 2

9XkaBKmH iBQM "2bmHib

6B;mRT 2b2Mib i?2 "2bmHib 7Q  i?2 }'bi irQ b2ib Q7 2tT2 ' BK2MibX ¢
b KTH2 bBx2 K ii2 b 7Q  i?2 "2bmHibX A7 i?2=hl0%T @R HHRRVBb iQQ bl
i72 T > K2¥Bb "2:mH "Hv 2biBK i2/ QM i?2 2/;2 Q7 i?2 T ~ K2i2 bT +2
MAI "2 2biBK i2/ DQBMiHVX b i?2 KQ/2H ? b BMi2;! iRQ K#NB NKB/+b -

rBi? MQ7 x2'Q "2bmHib BM i"2M/BM; T ii2 M 7Qf X?87 23 MMKR&X " }
Q7 Q#b2 p iBQMb Bb iQQ bK HH-BiBb TT "2MiHv /B{+mHi 7Q" i?2 K
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6B:m 2 k, aBKmH iBQM "2bmHib 7Q " b+2M "BQb
E2 M2H /2MbBiv 2biBK i2b Q7 i?2 /Bbi'B#miBQM Q7i?2JG17Q b+2M “BQb
i2°2b?QH/B mMb2/- /2MQIiBMV?2 bm#};m 222 /IBM;X AMb+2M "BQ ki?2 2biBK
"2 mb2/- I2M@i2M/b# b2/ ®MQM 2ikkERANX g2 T 2b2Mi "2bmHibW Qb 2biBK i2
r2HH br7)@2/ it =10 7X h?2 SPhb ? p2 :S. /Bbi'B#miBQM rBi? i?2 +Q " 2+iF
i BHDb? T2 /VM KB+b mbBM; i?2 K@X2E27 MRK d2 MilBEIM 2biBK i2b” 2 T QpB/:
M/ 7Q t®ibi iBbiBS=mBBMBKmH iBQMbX

Uuwvuo 7 22V u#vb =1 -,V Uu+Vvuo 7° 272V u/vyuo=1-AV

uavw 7 22V utvo =1 -,V U, O 7272V uavo=1-/V

i2M/BMM/ M BMi2;" i2/fiXMhPR 2z2+i Bb Q#pBQmbHvV@ M ?iBBIiR+ #v |
Q7- bb22M BM i?2 HQr2 T M2HX b i?2 b KTH2 bBx2 ; Qrb-i?2 //Bi
M/ i?2 /IBbi ' B#MiBIQR QB bi iBbiB+ #2+QK2b KQ'2 M/ KQ'2 MQ K HX

q2# TT2MI/Bb F2 "M2H /2MbBAVUBHBOMXE ®?Qr i? i Bi Bb /B{+mHi iC
2biBK i2 i?2 UbK HHV2HBMHQ7M/ i? i i?2 HBF2HB?QQ/ + M ? p2 Kn
rBi?zQmi z2+iBM; i?72QbBEK /IRBbT2 bBQM Km+?2X Hi?Qm;?i?Bb #BK Q|
BM i?2 HBKBi M/ 7Q  p2'vH ;2 b KTH2b-r2i?2°27Q'2 HbQ 2biBK
r?2°2r20%t/m BM; i?2 2biBK iBQM i M "#Bil =¢0bKUDR pQHVII 2 QA MK M
Q7 };m 2b +QKT 2/iQi?2} bi +QHMKMVX h?2 "2bmHib TT2 " p2'vb
2biBK i20} ' bi +QHMKM Q7 };m 2bVX 6Q  bK HH2 b2WPMN2E-TiZ2®RbiB}
iQ #2? p2 BM  KQ'2 bi #H2 r v- +QHH ThBM: iQ i?2 2/;2 Q7 i?2 T
+QKT "2/iQ i?2 b2iiBM;iBEKi?2/ 7°22HvX h?Bb bm;;2bibi? i- 7Q" T +i
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| K v #2 b2iiQ bQK2 “#Bi' v bK HHI T/QbBiBp2 NMBK#BQM rBi?Qmi K
Q7 M 2z2+i QM i?2 20iBXBb2Bb +QMp2MB2Mi- b Bi 7m’ i?2° bBKTHB
T Q#H2K iQ i? i Q7 2biBK iBM; bBMAM iR 2KMEE iBM; bBM;H2 bKC
T ° K2i2°BM _BbFJ2i'B+b KQ/2H 7Q " iBK2@p 'VBM; pQH iBHBIivX
b2iiBWME0 /m BM; 2biBK iBQM- Hi?Qm;? i?2°2 Bb v2i MQ i?2Q 2iB+ |
'Bp2M i? i i?2 T > K2i2  bT!*20R[mMPR BBKmH iBQM “2bmHib 2 p2 v |
i?7Qb2 Q#i BMPU27Qi'bQK2 “#Bi' "vp2'vbK HH T@bBiBp2 MmK#2"

*QKT "BM; i?2 }'bi p2'bmb i?2 i?B "/ +QHMKM Q7 ;" T?b-Q i?2 b2+
r2b22i? ii?22z2+i Q7 mbBM; 2bMBK P2 i?? b P'Qni2/ b? 2@ RIGIM /D b
KBH/ 2z2+i QM i?2 /BBNXBEMIB&MIBD KTH2 bBx2b-r2 ; BM bQK2r
222+i"Q¥QHH ThBM; iQ i?2 2/;2 Q7 i?2 T * K2i2  bT +2- r?B+? [MB+F
b KTH2 bBx2 BM“Bb h2WX+A0 7 ° i?2° i? M 2biBK i2/-r2 ; BM b22 i? i
#2? pBOBOPKQ 2 bi #H2 BM bK HH b KTH2b-rBi?Qmi b2 'BQmbHv z2-
b KTH2bX BBitBRK2 bK HH MK K#2mb #2 T 272" #H2 7°QK bi #BHBIiv
pB2r- T “iB+mH "Hv B7i?2b KTH2 Bb MQi Qp2 'Hv H *;2X

q2# TT2M/Bb 6B;nXjT 2b2Mib i?2 "2bmHib 7Q  b+2M "BQ j BM r?B+
7Q° i?2 i BHb? T2 "2 7TmHHv KBb@bT2+B}2/ BM i?2 KQ/2H +QKT '
"2 +QMbBbiI2Mi rBi? i?2 T 2pBQmb }M/BM;bX 6Q° bK HH b KTH2 bBx
/B{+mHiv BM }M/BM BW@M @xiBIQ i2/ DQBMiHYymBIH2bb /> biB+i? M I
6B;mKR 6Q  H ;2 b KTH2 bBx2b-i?2 T'Q#H2K /Bb TT2 "bXXh?2 #QiiC
'Bp2i?2}iQ7i?2}Hi2 iQi?2i ' m2iBK2@p "YBM; MBHDPrT2 Ti?2K2i2"
KQ/2H }ibi?2 i m2- mMQ #b(2)p[2 Bi2Qr2Hb- /2bTBi2 KBb@bT2+B}+ iBQ
i?72 YHi2 2/ T “fKRiMBz2 b BM iH2 bii? 22rvb 7 'QKi?2i'm2T > K2i2
Bi mb2b i?2 20i-BKi il BMBiB HBx2/- M/- KQbi BKTQ i MiHv- Bi mb2t
/I"Bp2M /vM KB+b 7Q° .:Si? i Bb +im HHv Tog{fZ o)hXQ . 2b T2HiEBQM °
i?Bb b2p2°2 KBb@bT2+B}+ iBQM-i?2 }Hi2 biBHH i fH{FpX 2?2 HB2Mi
“2bmHib "2 bBKBH ~7Qi?2 Qi?2 b KTH2 bBx2bX

k k



h?2 bBKmH iBQM 2tT2 'BK2Mib i?mb H2 / iQ irQ K BM bm;;2biBQM
/Bbi'B#miBQM H "2bmHib b22K iQ ?2QH/ mT BM }MBi2 b KTH2b- M/ i?:
i° +Fb i?2 i'm2i BHb? T2 /vM KB+b [mBi2 r2HH- r?2i?2  i?2 KQ/2H
MQiX a2+QM/-iRtBQK2 bK HH MmK#2  /m BM; 2biBK iBQM K v bBKTH
2biBK iBQM T Q#H2K 2p2M 7m’i?2 rBi?Qmi pBbB#Hv z2+BBIM; i?2 /|
H :2b KTH2b M/ bi #BHBxXBM; i?2K BM bK HH b KTH2b- TbbB#HvV |

8 1KTB B+ HBHHmMbi iBQM

8XRAM@b KTH2 M HvbBbD

q2 Q#i BM ?2Qm Hv T'B+2b 7Q" "Bi+QBM U"h*V M/ 1i?2° Ulh>V BM
**vTiQ/ i /IQrMHQ /X+QKX h?2 b2 'B2b " M;2 7°QK J v R8- kyR3iQ m;
ej-yyyY Q#b2 p iBQMbX g2 2KQp2 / vb 7Q r?B+?2r2 /Q MQi Q#b2 p.
i?72M i° Mb7Q K TM22iBBRLI@ 24 MIDO (Ins; Ins; 1) iQ +QM+2Mi” i2

QM i?2 Q B;BM H b2 B2B0BD2i7i2i BB+2?Q722Bi?2 "h* Q" 1h> BM la.X
i BHBb i?2 2+QMQKB+ HHvV "2H2p Mii BH 7Q" IXaX BMp2biQ > ?QH/
i?72 iBK2@p 'VBM; imDPBIMIHIM 2ik HRN.[X UReVV- "2r ' Bii2M iQ TTHV |

"B;?ii BH b
0 1 0 1 0 1
B N Sl RIS
€41 & x> gx &

rBi? i BH T Q# i#BiHRig v + Qbb RyW- 8W- M/ kKMBW2 MARi'2i?2

1 Yo _ M/la- 2bT2+iBp2HvX q2 BMBiB HBx2 i?2 /iM#KB+bi BH b?
bi iB+ K tBKmK HBF2HB? @ @22 BIKiA2 } bi 8y SPhb M# @2biBK i2

#v i?2 K tBKmK HBF2HB?QQ/ 2hVEXK iQ  ;Bp2M BM U

K]



h #H2 R, S ~ K2i2 2biBK i2b

S " K2i2 2biBK i2b 7Q  i?2 /vM KB+ 10h KQ/2HX h?2 2biBK iBQM b KTH2 Q7 M2; iE
HQ;@ 2im Mb ~ M;2b 7°QK J v R8- kyR3 iQ m;mbi jR- kyk8X a M/rB+? bi M/ */ 2°
VM KB+ i? 2b?QHB/DbiBK i2/ ®UBQM 2ilkRNrBi? i BH T Q# #BHBIWHQBM; BM

SPhb iQ 2biBK i2i?2 /vM KB+ 1oh KQ/2HX h?2 i BH T= @#0XBHBiv Bb +?2Qb2M b

=10% = 5% =2:5%
! 100 nt ! 100 nt ! 100 nt
"h*fla. yXyyj9 yXyykk eNRN yXyy8j yXyyyd j9ek yXYRR9 y X
UyXyyRRV UyXyyjyWWAXyyRdV UyXyyydwXyyjeV UyXy9d8V
lh>fla. yXyyR?9 yXyyy3 ejNR yXyydd yXyR3R jkN3 YyXYyRjy y
UyXyk33V UyXykk8WXyyjjV UyXy99eWUyXyy8yV UyXRR83V

h #HRT 2b2Mib i?2 “2bmHibX h?2 2bHHK biR bHRI7 M T @D BiB m2%
BM+ 2 b2B7r2KQp27 'i?2° QmiBMiQi?2i BH #v /2% i2BbBM;2iRiNi BH
B/2MiB7vi?2 /vM KB+X?hA2BD@H/B Qi bm T BbBNWBG iRy j2 i+ib
KQ 2bi'QM;HViQ M2r BM7Q K iBQM mbBM; i k2 X +46@" 2 B KMBBEPBQM 2[r
M2r BM7Q K iBQM ""Bp2b KQ 2 bTQ  /B+ HHv- M/ bi"QM;2" "2 +iB
i BHBM7Q K iBQM }M HHv +0 KD0QB MXQ&KKiBHHHV "2/m+2 i?2 MmK#2
drV p BH #H2 iQ 2biBK i2i?2 KQ/2HG6b M iBPrTb BRWRH22bbBM: bi M/ °
2°°Q'bX 6BM HHv- r2 MQi2 i? i i?2 PRIBKHDHLOTQ x2 Q- ;Bp2M i? iif
KmHiBTHIB2B KMvh /REAM 7 +i- b2QBM; "#Bi" v p2'vbK HH MmK#2 Q" :
X2 Q /m BM: i?2 2biBK iBQM ? “/Hv +? M;2b i?2 "2bmHib- BM HBM?2 r
i?72 bBKmH iBQM "2bn®Kib Q7 a2+iBQM

6B;mj2Bp2b ; T?B+ H T 2b2Mi iBQM Q7 i?2 BM@b KTjH2 2biBK |
M/j# T 2b2Mi i?2 }Hi2 2/ 2@iBKQIMb r@®7? Bib bvKK2i B+ BMi2 [m "iB
+QM}/2M+2 # M/bX h?2i BHb? T2 T > K2i2  p "B2b #2ir22M TT QtB|
M/ yXj8 yX8y 7Q  1h>X h?Bb BKTHB2b i? i i?2 2tBbi2M+2 Q7 b2+
H'2 /v T'Q#H2K iB+ 7Q  "h* M/ 1h>- Hi?Qm;? MQi Hr vbX h?2 +QM
f bm;;2bi i? ii?2i BHb? T2 T > K2i2 Bb 2 bQM #Hv T 2+Bb2Hv 2b]

RLQi2i? ir2+ MMQi bBKTHV iBlbi 2PR2iR2Q x200B QM i?2 #QmM/ v Q7 i?22 T ~ K2iz
bT +2 IM/M/ "2 MQi DQBMiHv BEDMiB22/ BB® M/ GUaykBX
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6B;m 2 j, *’vTiQ+m "2M+v HQ;@ 2im Mb-i BHb? T2-

hQT T M2Hb, }Hi2 2/ i BH bfy TRi? bKEKZi'B+ BMi2 [m “iBH2 ° M;2 +QM}/2\
JB//H2 T M2Hb, "Bi+QBMfla. UH27iV M/ 1i?2 fla. U BRAWYVXQ? 120 AQHE@D 2 |
¢ 72°2TQi2/ i N8W +QM}/2M+2 H2p2HX o _ M/ la "2 THQii2/ i M 2ti 2K
H2p2HX h?2 i?;20?QHM/ 1a Q° HH 7Q  i?2 H27i i BH Q7 i?2 HQ:@ 2im Ml
WQQK2/@BM 2ti'2K2 "BbFb rBi? F2v 2p2MibX

U V "h*flaf, U#V 1h>flig.
U+V "h*fla. U/V 1h>fla.
U2V "h*fla. UXQQKYV U7V 1h>fla. UXQQKYV

7°QK x2°Q Ui?2 i?BM@i BH2/ :mK#2H + b2VX h?2 +QM}/2M+2 # M/b
i?72 T > K2i2  "2bi'BOiBOK < 1- r?B+?2 12?2 p2 BKTQb2//m 'BM; T K
2biBK iBQM i?2 ' Qm;? MOQOM@HBM2 ~HQ; 'Bi?KB+ M/ HQ;BbiB+ HBMF
i72 °2TQ i2/ +QM}/2M+2 # M/b "2 +QM/BiBQM HAQM i?2 2biBK i2/i?"

S M2HB7T 2b2Mi"h*6b M/ 1h>6bHQ;@ 2im Mb M/i?2 N8W +QM}/2]

k8



tX g2 HbQ THQIi i?72 NNX8W o _ M/ l1la- MQiBM; i? io_ M/ 1la7Q 2
+QM}/2M+2 T2 +2Mi ;2b +QmH/ 2 bBH&H2 RTRK I BIR A pB 'UIBK2 p "B |
BM 2ti'2K2 K "F2i "BbFbX h?2 #QiiQK T (M@2BHR BABB2M@BM 2biBK i
2ti'2K2 K "F2i "BbFb /m°'BM; i?2bQ@+ HH2/ 6b2+QM/ + ' vTiQ rBMi2 6
BM/B+ iBM; i?°22 F2v 2p2MibX o _ M/ la ii?2 NNX8W +QM}/2M+2
pQH iBH2 /m"BM; kykkX "Qi? K "F2i "BbF K2 bm '2b "2bTQM/ bi " QM,;
h2" fGmM + vTiQ+m "2M+v QM J v Ry- kykk U}1BHBXYViIBke HHRRBM 2V -
+QHH Th2 Q7 6hs- K DQ  +'vTiQ+m "2M+v BMi2 K2/B v M/ b? /Qr
Ub2+QM/ p2'iB+ HHBM2Vc M/i?2 +QHH Tb2 Q7 *2HbBmb- MQi?2" -
b? /Qr # MF QM LQp RR- kykk Ui?B"/ p2'iB+ H HBM2VX h?2 NNX8W
"QmM/ 2 +? Q7 i?2b2 2p2Mib-#27Q 2 "2p2°iBM; iQ KQ 216MQ K Hd6 H
i/ HbQ b?Qri?2 KQ 2 "2+2Mi /2+HBM2 BM i BH 7 iM2bb #2ir22M KB/ @
i?72 T ii2°" N @7b?QrM BM i?2iQT T M2HbX

A7 r2 +QMbB/2 i?2 o _ pBQH iBQM " i2b- r2 Q#i BM p Hm2b Q7
"h*- M/ yXddWfyX98WfyXkOW 7Q" 1h>- r?B+? "2 HH [mBi2 +HQb?2
Q7 RWfyX8WfyXk8WX AM/22/- ;Bp2M i? ir2 ? p2 KQ 2 i? Mej-yyy Q
i bB;MB}+ M+2 H2p2H Q7 R T2 +2Mi-r2 QMHv 2D2+iEP2TBM+QM/B
Kyyw 7Q=10%- BX2X-r?2M i?2 HBKBiBM;/ 2T " QIt BMK/ BRQUYEWE 7 Q °
¢!l KB;?2i MQiv2i #2 bm{+B2MiHv ++m’ i2X LQi2-?Qr2p2 -i? i7Q"
QU5%025% i?2 EmMTB2+ i2bi K v HbQ HQb2 bQK2 Q7 Bib TQr2" /m2iQ
Q7 Q#b2 p iBQMb p BH #H2 7Q  i2biBM;X b HH Q7 i?2 #Qp2i2bi :
bm#b2+iBQM BMbi2 / +QMbB/2°b MQmi@Q7@b KTH22p Hm iBQM Q"
/IvM KB+ i BH@b? T2 KQ/2HbX

ke



8XKkPmMi@Q7@b KTH2 2p Hm iBQM

h?Bb b2+iBQM T ' QpB/2b M Qmi@Q7@b KTH2 2p Hm iBQM 7Q" r?B+
p "VBM; i BHb? T2 KQ/2H UlohVBI?QR @2+ BOM +?K “FbX g2 } bi BN
irQ Hi2 M iBp2 iBK2@p "VBM; i BH b? T2 K2i?Q/b- M K2HV i?2 irQ¢
'2M2° HBx2/ S "2iQ KQ/2HAANMQV2QIKQ d8- HW i?2 /[vM KB+ 0 _@1a
KQ/2HRIMQM 2ikfRN 2722/ iQ b Sw*VXiBQZbi?QH/b “2[mB 2/ 7Q" i
1oh M/ ho:S. K2i?Q/b-r2 mQM 2ikkMBEN i i BH@T Q# #BHBiv H2p2H
r?2°'2i?2 o0 _ M/ la "2 +QKTmi2/+QM}/2M+2 H2p2HX q2 HbQ +QKT
S iiQM 2ikkMBNo _ M/ la 7Q i?2 2ti 2K2 i BH Ti22+2MiMA?2 KQ 2
KQ/2  iX g2 mb2f10%5%1%g M/ +QMbB/210 7Q"° HH K2i?Q/QHQ;B2b-
BM a2+8BX@M2 KB;?i 2tT2+i i?2 ho:S. iQ ;2M2° HHv T2 '7Q K bQK2r?
i?72 1oh K2i?Q/- ;Bp2M Bib //BiBQM H 7 22/QK rBi? i?2 b+ H2 T ~ K2
Ip Mi ;2 T2 bBbibQmi@Q7@b KTH2 Bb- ?2Qr2p2 - mM+2 i BMX AM
i?7 i Mvbm+? /Bz2 2M+2 /|BRBNDEKRD2IDK HH2 UMY QXK@b H ";2°V M/
i?72 HBKBiBM;/2bmMi @7 62 WRBN #2+QK2b 2z2+iBp2X 6Q  +QKTH2i:
HbQ BM+HmM/2 bBKTH2 bi M/ "/ : mbbB M: *>UR-RV KQ/2H b mb:
a2+iBR@M

g2 mb2QH/2 M/ WRZRABIbD TT Q +? iQ +QKT "2 i?2 /IBz2 2Mi K2i?Q.
i2°’ Kb Q7 0 _ M/ 1a7Q 2+ bib-r?B+? BM im M Bb # b2/ QM bi B+iHv
M/ .B2#QH/@J "B MQ U.JV i2bib TTHB2/iQ HQbb /Bz2 2MiB HbX
1[m iBQMb UkXRNV M/ UkXKjVX h?2 7Q K2 2p Hm i2bi?2 0 _-r?2".
i?2 /Qm#H2 0o _@1a 2HB+Bi iBQM + Bi2 BG@MiDiVM2UB{IRMK th?22bQ mb
"2bmHib "2 p2'v bBKBH " 7Q" i?2 Qi?2  b+Q'BM; "mH2b BM i?2B" T |
7°QK kyR3 kykRiQ +QKTmi2i?2}'bi BM@b KTH2 2biBK i2bX g2 i?2M
7Q i?2 bm#b2[m2Miv2 - 7i2 r?B+?2r2 U 2+m bBp2HvVV mT/ i2i?2°
KQ/2HbX HH .J +QKT "BbQMb '2/QM2 pBb@ @pBbi?2 M2r1oh KQ/2

kd



h #H2 k, Pmi@Q7@b KTH2 +QKT "'BbQM Q7 i BH B

*QKT "BbQM Q7 i?2 1oh KQ/2H : BMbi i32iiQwWF XQHRRINQI?2 ho:S. KQ/2H Q7
BAMMQ+2MKy 29- HK/ bi M/ /: *>UR-RV KQ/2HX h?2irQ HQbb 7mRHIBQMb 2 i
M/ wB2KkYRMH M/ 2H i2iQi?20 _UKXRNVQ iQo _ M/1G DQBMiHv UKkXkjVX L2; iB
i72 HQbb Q7 i?2 10h KQ/2H Bb HQr2 X :"22M U 2/V p Hm2b BM/B+ i2i?2 1oh HQbb B
8WX h?2 i BH T QBBBWBIWw?2M 2biBK iBM; i?2 iBK2@ X WBMo i? BB 2AQH/@ HH
KQ/2Hb "2 2biBK i2/ mbBM; KQ 2 2ti 2K2=1BHM/ PMBBAB|® +QM}/2M+X H2p2H Q7

J2i?Q b =10% =5% =2:5%
LQH/2 M/ wBkRHHQbb 7mM+iBQM
UKXRNV UkXKkjV UKXRNV UkXkjV UKXRNV L
"h*fla.
lo Sw’ @RX jXjyd @jXy @kXNi @RX @kXke9
UyXy UyXyyF UyXy UyXyyj UyXy UyXykoV
1o ho:S. @RX 9XddN @RXk3N @yXRNS yXNk3 yXN3

UyXR UyXyyyV UyXRN3V UyX39eV UyXj8jV UyX]j
lols :  *> RX3R3 RXI @jX¢{ @9Xjd @8X @eXyRN
UyXyeNV Uy UyXy UyXyyy UyXy UyXyyyV

1h>fla.
lofs Sw’ @jXkse yX @9X @jXN& @jX¢ @jXNdN
UyXyyRV Uy UyXy UyXyyy UyXy UyXyyyV
1015 ho:S.  @kXjNk RXNOR @RXeek @yXdRd @RXj8] @

UyXyRdV UyXy8kV UyXyNdV UyX9djV UyXRdeV
lolp : *> @RXjy8 @y @9X @9IXd! @8X @eXyyy
UyXRNkV Uy UyXy UyXyyy UyXy UyXyyyV

BM/B+ i2i? ii?2 1oh KQ/2H ? b HQr2 HQbb i? M Bib +QKT2iBiQ" N
BMi2 Kb Q70 _Q 0 _ laX

h #HRT 2b2Mib i?2 Qmi@Q7@b KTH2 "2bmHibX AM HBM2 rBi? i?2
LQH/2 M/ WBRRBHI2 +QHQ" +2HHb ;"22M B7 i?2 .J bi iBbiB+ Bb bB;MB
8W H2p2H- M/ 2/ B7 Bi Bb bB;MB}+ MiHvVv TQbBiBp2X h?2 i #H2 vB2H
r2b22i? i /IBz2 2M+2@HB ™ iM2 wRPRAHH "Bi2 B "2 ;2M2° HHv HBKBi2,
KQ/2Hb- /2bTBi2 i?2 bBx #H2 MmMK#2 Q7 Qmi@Q7@b KTH2 Q#b2 p |
.J bi iBbiB+b BM i?2 i #H2 Q7i2M 7 HH #2HQr k M/ ? p2 K tBKmK C
KQ/2Hb i?mb b22KiQ T2 ' 7Q K "2 bQM #Hv r2HH M/iQ #2 Q7 TT QtB|

a2+QM/-r2Db22i? ii?2 M2r KQ/2H M/i?2 ho:S. T2 7Q K bBKBH "H
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6B:m 29,0 7Q 2+ bib7Q  "h*fla.
Pmi@Q7@b KTH2 7Q 2+ bib Q7 20% 2K=2186V iM/ = 2:5% U = 0:25%V 7Q"
"h*fla.X h?2 1oh M/ ho:S. K2i?Q/b mb2 Sw* 2biBK i2b Q7?2 iiBBHHi? 2b?Q
T Q# #BHKBik?2 1oh- ho:S.- M/ Sw* o _b BM i?2 };m 2 HH "2H i2 iQ M 2t
T Q# #BHBHi¥OX >Qm Hv "h*fla. o _7Q 2+ bibbi irBi? MBM@b KTH2 T2 B¢
M/ 7Q 2+ bii?20 b7Q  v2 - 7i2 r?B+? i?2 KQ/2H Bb "2+m bBp2Hv mT/
U V=1% ( =10%) U#\W=0:25% ( =2:5%)

HQQF 11?72 KQ 2 2ti 2K2 i BHX Ai Bb ?2°2 i?/2 ®2MIBKBG6BM2B2bmH
kyywe #2+QK2b T 'iB+mH "Hv TTHB+ #H2- M/ i?2 2ti° i BH b+ H2 T
KQ/2H //b H2bb p Hm2X g2 HbQ b22 i? i H2bb=720VQ A BBoMHIBR B i B M ;U
"2bmHi Bb H2bb ++m” i2 M/ i?2 M2r KQ/2H bQK2iBK2b mM/2 T2 7Q
KQ/2Hb- M/i?2 //IBiBQM H~2tB#BHBiv Q7 i?2ho:S.rBi? iBK2@p 'V
/l'bp Hm2X h?Bb Bb "2;mH "Hv UBMbBsEBIB25WXHVV "2p2 b2/ 7Q"

h?B /-r2 +QM}'KQm' 2 "HB2" "2bmHii? i Sw* M/ 1oh K2i?Q/QHQ;B
2 +? Qi?2,r?2°2 bSw*T2 7Q KbivTiB+ HHv #2ii2 H2bb 7 " Qmi BM |
TT2 "biQ/Q bQK2r? i#2ii2 " DQ#BMi?22ti'2K2i BHb-rBi? .Jbi iBb
bB;MB}+ MiX h?2 1oh KQ/2H HbQ QmiT2 ' 7Q Kb i?2 bi M/ /: mbbB M
i?72 Kmim H™> MFBM; Q7 Sw*-10oh- M/ ho:S.-i?2M2rbBM;H2 iBK2@p
KQ/2H Bb +H2 "Hv KQM:; i?2 KQbi +QKT2iBiBp2 1loh@# b2/ iBK2@p
T 'iB+mH "Hv BM 2ti 2K2 i BHbX

h?2 HQbb +QKT 'BbR@NMBWMTh @pR/2 T iB HTB+im 2 Q7 i?2 7mHtE
i?Bb-r2 THQi i?2 Qmi@Q7@b KTH2 o _ 7Q Pp+HIMBb7 Q7 'FhyWa M7 EX 8 W
BX2X- KQ/2  i2 M/ KQ 22ti'2K2i BH =220 MBVMH@2 2o Qp2"
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b?Q 12 T2 BQ/iQ #2ii2  pBbm HB®Zi2B2bmiPibX26BiHibxX h?2 2

K BMi F2 r vbX 6B bi-r2b22i? i HHi? 22i BH@# b2/ KQ/2Hb /Q "2
i?72b2+mH " /vM KB+b Q7 BbFX h?2 ho:S. M/ 1oh #27? p2 M/ i?mb T2
a2+QM/-r2 b22i? i 7 "i?2° Qmi BM2ROV?-2i P BEBWUK2i?Q/QHQ;v "2+2B
72r2° M/ 72r2° SPhbiQ 2biBK i2i?2 "BbF /vM KB+b 7' QKX h?Bb "2bn
7QHHQr2/ #v ° TB/ UrBi?BM QM2 KQMi?V “2p2'b HbiQ HQM;@i2 K
b22 BM i?2 #Hm2 HBM2M/M26Brth?2p2 HbQ b22RFBMIBBKmMmH2i2/ / i X
am+? /Bz2 ' 2M+2b "2 MQi pBbB#H2 7' QK i?2 b+Q BM; mH2 "2bmHil
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